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Black Holes Thermodynamics

¢ Classical General Relativity leads to

Kk 0A
——— =0m — §20J
27 4G N
 Semiclassical analysis identifies
Tor — K
"= o
* Very natural to identify
A
S=_——
AGN

and look for statistical explanation.
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o Extremal charged black hole ~ D-branes

o Excitations can be counted, account for

A
S=—
AGnN

[Strominger-Vafa], [Maldacena-Strominger-Witten]
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o Extremal charged black hole ~ D-branes

o Excitations can be counted, account for

A
S=—
AGnN

[Strominger-Vafa], [Maldacena-Strominger-Witten]
e Also predicts subleading corrections.



¢ Einstein-Hilbert

R
L=+\/—
9 16rGn
e Area law
A
S=—
4G N



¢ Einstein-Hilbert corrected:

c
L=+/—g “R2+--.

(16 GnN + 2 +o)
¢ Area law accordingly modified

S=--_+8
acy T o7

thrt +
hor



¢ Einstein-Hilbert corrected:

c
L=+/—g “R2+--.

(16 GnN + 2 +o)
¢ Area law accordingly modified

S=--_+8
acy T o7

thrt +
hor
e Wald’s formula

S =-27x

V —9 -~ €ab€ed
hor 5Rabcd
o = = 9ac
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* Two way to calculate corrections:

d.o.f. on the brane l Wald’s formula I
o Completely agrees !

[de Wit et al.][Ooguri-Strominger-Vafa]
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* Two way to calculate corrections:

d.o.f. on the brane ' Wald’s formula I
o Completely agrees !

¢ In four dimensions.

[de Wit et al.][Ooguri-Strominger-Vafa]



e Black rings in 5d.
* Entropy correction:

e Why?

done l not yet I
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e Black rings in 5d.
* Entropy correction:

done | not yet '
e Why 2 Wald’s formula isn’t applicable to
gravitational Chern-Simons:

/FAtrF/\R

Entropy correction from grav. CS.
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o Killing Horizon : ¢2 = 0.
¢ Binormal

€ab = Eanb - £bna

« Surface gravity

Vagb = K€gp + - -

CO» <Fr CEr «E=Er» E VAR



Bifurcate

Horizon

o Bifurcation Surface

Bifurcation

£E=0.
« Bifurcate horizon :
A pair of horizons
ey which pass BS.



Bifurcate
Horizon

Free field radiates at

Bifurcation
surface

&=0

TH = ;-:,/271-.

Unruh effect near B.S.

Depends only on bg metric,

Not quantum gravity per se.



Bifurcate

Horizon

Bifurcation
surface

£=0

e Horizon cross section at finite ¢ is the b.s.

Horizon




e At the B.S.,

Vc€ap = K'_lvcvaﬁb = K'_lRabcdgd =0.
—> holonomy reduces to

SO(D —1,1) D SO(1,1)n x SO(D — 2)



~ constant on the horizon. I

Kk O0A

———— =0m — 26J
2w 4G N

A increases with time.
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¢ RG perspective
— Planck suppressed terms R?, R* etc.

¢ Coefficients calculable in string compactifications
o Affects black hole solutions.



o Null dir. of g, # maximal propagation speed.
¢ e.g. Field redefinition

Gab — Gab + cRap + cleab + ...
changes the ‘light cone’

e Physics should be invariant !



Bifurcate Horizon in Higher derivative gravity

¢ Define the horizon using the light cone of gs.

e Suppose it has Killing, bifurcate horizon :
under gap — gab + hab,
Bifurcation surface
invariant, defined by ¢ = 0
Bifurcate horizon
£%a — gab€€® + hap€ €l
2nd term invariant under £
—> zero by evaluating at B.S.
Hawking temperature
Evaluate x? = |V ,£?|? at B.S.
— Christoffel drops off because £* = 0.
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K constant on the horizon : assumption I
;S = dm — £20J, S given by Wald’s formula
™
Difficult to establish l




Wald’s formula

Black Hole Entropy

S =2« vV —9 <= €ab€ed

hor aRabcd
fOI‘ ;C = L(gab, Ra,bcd ’ VeRa,bcd sttty ¢’ e )

¢ It does not include gravitational Chern-Simons

*0L = tr ' A R?2"1

¢ or Green-Schwarz type coupling

1
oL = E|H|2 with H=dB+trI' AR.
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Notation

D space-time dimension
L(¢) Lagrangian density as D-form
¢ collective symbol for the fields. g,.., A,, ...
£¢ Lie derivative by a vector field &,

£ew = (deg + ted)w.
0¢ Variation under diffeo. e.g.
dely = LIy + d(Ue)y

where (Ug)g = 0p€°.
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¢ Assumption by Wald:

o¢L(p) = £¢L(9)-
Cannot incorporate the CS.
o Today:

0¢L(¢p) = £¢L(P) + d=k.

¢ Almost verbatim transcript of Wald’s original.



Covariant Hamiltonian Method

¢ EOM E and symplectic potential © via
0L = Eydp + dO(¢, 00)

¢ O pairs of ‘coordinate’ and ‘momenta’
1
L(¢) = E*dqs/\dcp_» O = xdd A 5

o symplectic form given by

2(9, 010, 62¢) = 610(9, 62¢) — 20(9, 619).
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e j : a form constructed from
o fields ¢
¢ an external field ¢

« suppose j is closed on-shell for any &.
o It is then exact on-shell. i.e.

d_]g ~0— jg >~ ng.
e ~: equality on-shell.



e Symmetry leads to conserved current :

Je = O(¢,0¢0) — el — B¢
satisfies
dj£ ~0
¢ The lemma implies
je=d@e — [ e~ [ Qe
c ac
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e Symmetry leads to conserved current :

Jje = 0(9,0¢¢) — tel — ¢
satisfies
dj£ ~0
¢ The lemma implies

Je 2 dQ¢y, —> / Je >~ Qe.
c ac

Global symmetry

Gauge symmetry

—> Conserved charges
—>  Gauss law
m] [ = vae
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e Define IT¢ via

55@ = £:0 + II;.
e Recall 6L = Eyop+dO, 0¢ = £¢L + dEe.



Un-illuminating main part

e Define IT¢ via
0¢0 = £:0 + I1¢.
e Recall 6L = E¢(5¢ + do, (55 = ££L + dEg.
e Calculating §6¢L in two ways:
dll; ~ 6dE¢ — Il — 0 E¢ ~ dXk.

—_— 5]5 = (5@(¢, (S£¢J) — Lg(SL -4 Eﬁ
~ 60(,6¢0) — 5c:0(,68) + die® + ITg — 6 5
~ (¢, d0, 55¢) + d(Lg@ + Eg).
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Un-illuminating main part

Define II; via
0¢0 = £:0 + I1¢.
Recall SL = Eyd¢p + dO, 0¢ = £¢L + d=¢.

Calculating dd¢ L in two ways:
dll; ~ 6dE¢ — Il — 0 E¢ ~ dXk.
—> 0j¢ = 0O(¢p, 0¢p) — 1¢dL — 6 B¢
>~ 66(p, 6¢d) — 0:0(9,0) + dre® + I — 6 E¢
~ 2(p, 66, 0¢) + d(1e® + Xe).
Thus, for C¢ with 6C¢ = 1O + X,
8dQL =~ Q(¢, 8¢, 5¢9)

where
Q: = Q¢ — C.
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Recap.

. 5dQé ~ £2(¢p, 0, d¢p) means
/dQ’5 is the Hamiltonian generating &.

o Let{ =t + 2¢ where
¢ Horizon generating Killing
t global time translation
¢ angular rotation

Then
; horQé:(s/ooQ;-'-na/ Q:ﬁ

(o ]
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o horleﬁé/ooQ;-l-na/ooQ:‘b

e E= fooQ;:’ J = 6fooQ:b'
o Taking the horizon at the bifurcation surface,

QI — K;/ Q/
/hOI' 3 hor 3 |£_)01Va§b_’€ab

_ ’
5=2m /hor Qg ‘sﬁo,vaﬁb_’eab

e Then, define

" 58S =6E + 0268J.

27




3d Chern-Simons

1 3

e Start from Lcs = Btr(I'R — EF )

—_— 55[105 = £§Lcs — d(,@tl’ dUgI‘) —_— E’g = —0tr dUgF
e Non-covariant partin @ is —3tr I'6I"

— II; = —BtrdUsoT

— Il — 05 ~0 — X:=0

— je=O(¢,0c¢) — Ee + - =2B8trdUcT + - - -

—

Qi =28trUcl +---.

o (Ug)g = Ou€™.
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1
e Les = Btr(I'R — 51“3') — Scs=8nB | In
hor
where I'y = —€¥, T, ,dx? /2.

o agrees with known corrections to BTZ.

¢ Naive application of Wald — 4x3 I'n.

hor



o Les = Btr(FR>™ 1 4

*)
—> Scs = 8mmpg

I'NRY?
hor
¢ Recall
Holonomy at the bifurcation surface

= S0O(1,1)ny X SO(D — 2)
« Entropy correction = CS of the normal bundle !
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o Spacetime with black holes reviewed.

« Entropy correction from the grav. CS.



Summary

¢ Spacetime with black holes reviewed.
 Entropy correction from the grav. CS.

Outlook — Need application !
e Black rings. — working on it with friends.
¢ 7d black holes. - idea wanted.

tr'AR> — | I'nvARY

hor
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