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e Minimal susy, dubbed N = 2, with eight supercharges
[Giinaydin-Sierra-Townsend]

¢ M-theory on Calabi-Yau

e [IB on Sasaki-Einstein



Minimal susy, dubbed A = 2, with eight supercharges
[Giinaydin-Sierra-Townsend]

M-theory on Calabi-Yau
[IB on Sasaki-Einstein

Rich black objects with horizon topology
e ~ S%and
o ~ 82 x St

Contains a lot of info about AdSs/CFT4 correspondence
e isometry of AdS = 4d conformal group = SO(4, 2)

e 4d N = 1 SCFT = eight supercharges
e a-maximization



a-maximization and 5d supergravity

a-maximization [Intriligator-Wecht]
e method to determine R-symmetry
e superconformal algebra
> one combination R = rIG from U(1) symmetries G

¢ R controls the dynamics — important to know !

Procedure
ciik = trGiG;Gk : U(1)1-U(1);-U(1)k anomaly
cr = trGy : U(1)z-grav.-grav. anomaly

:

Maximize a(r) = 3crgxrir/rE + cprl !
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mapped to the SUSY condition in the AdS side
[YT, Barnes-Gorbatov-Intriligator-Wright]

crik =trGiG ;G — CIJKAI AN FJI AN FEK
SUSY determines most of the terms in the Lagrangian

rlin R = »G1 mapped to scalars in the vector multiplet
—> susy vac. condition = a-maximization



a-maximization and 5d supergravity

* mapped to the SUSY condition in the AdS side
[YT, Barnes-Gorbatov-Intriligator-Wright]

e crgxk = trGiG;Gg — CIJKAI A FJ A FK
e SUSY determines most of the terms in the Lagrangian

e I in R = rIG mapped to scalars in the vector multiplet
— susy vac. condition = a-maximization

e cr=trGy —> cIAI/\trR/\R.

e Supersymmetric completion of A A R A R terms essential
to complete the story.

Yuji Tachikawa (SNS, IAS) Feb 2007, IAS 5/42



[de Wit et al.] : an infinite series of higher derivative ‘F-terms’,

studied black hole entropy using Wald'’s formula

[Ooguri-Strominger-Vafa] : the relation with topological strings,

detailed matching of macro- and microscopic blackhole entropy.

What'll happen in 5d ?
— We need supersymmetric higher derivative terms !



e to supersymmetrize A A tr R A R term
e study its effect on a-maximization

¢ Having an off-shell formulation is helpful.

— Superconformal Tensor Calculus.
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to supersymmetrize A A tr R A R term
study its effect on a-maximization

Having an off-shell formulation is helpful.
— Superconformal Tensor Calculus.

It has a quite long history

For 5d, it was done by [Kugo-Fujita-Ohashi
and by [Bergshoeff-Cucu-Derix-de Wit-Halbersma-Van Proeyen]
in 2000, 2001
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e Superspace

e Superconformal tensor calculus




To construct higher derivative terms,

Need to simultaneously modify the action and the susy tr. I

Susy transformation independent of the action
e Superspace

e Superconformal tensor calculus




Superconformal Tensor Calculus

Superspace
e construct superspace
e consider superfields on it

e put constraints on them; expand to components

Superconformal Tensor Calculus

directly constructs components of multiplets

rules to combine multiplets to another multiplet

rules to construct Lagrangian density to be integrated

It is superconformal.
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Gauge the 5d superconformal group. I
«40>» «4F>» «=)>» « > = Q>
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Gauge the 5d superconformal group.

construct an action invariant under local superconformal symmetry.
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Gauge the 5d superconformal group. l

construct an action invariant under local superconformal symmetry.

Compensator gets a vev —»
symmetry Higgsed to the ordinary Poincaré supergravity.

e Let us study toy versions first.

CO» <Fr CEr «E=Er» E VAR



Gauging the Poincaré group

Symmetries P, and Mgy ; Gauge fields ez and wzb
— V,=0,— eaP — —wabMab

~ 1 ~
Let [V, Vo] = —R% (P)Pa — 3RS (M) My

Ra P = O e — W eb
where “ab( ) [ 'gb “b[ply)
R (M) = 0w — wcuwy

V]

Impose ﬁfw(P) =0 — w expressed by e}

Write V. = Dy — e%Pag ; demand V. = 0
_ . . b _ . .
— ef, = vielbein, wy}” = spin fzonnect|on,
P, = covariant derivative D,.
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Gauging the Conformal group

Generators
P, e? Translation Constraints
My wﬁb Rotation R} (P) = 0,

D | b, Dilation; Weyl tr. et R2Y (M)
Ko | f; Special conformal

I
=

o w, = wb, —2elob¥,  fo=aR% + BelR
¢ Consider a scalar field ¢ with Weyl weight 1

e form invariant Lagrangian

L= e¢d_3’1’ja1§a¢ = e¢d_3ﬁa(pa¢ — bad)
~ e¢d_3’Da'Da¢ + e¢d_3faa¢
esetp=1 — L =+/—gR.

Yuji Tachikawa (SNS, IAS) Feb 2007, IAS

13/42



Translation Constraints |

Rotation

Dilation; Weyl tr.
Special conformal
Susy

Conformal susy
SU(2) R-symmetry

RZV(P) =0,
egRgb (M) =0,

174

TR, (Q) = 0.

a i ij
ey by, ¢“ and V” .

~ VYuji Tachikawa (SNS,1AS) Feb 2007, IAS
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ez,r b[JJ "l’Zu V[}?/ and Vab, X7’, D |

o § = dg(e) + 05(n) + Ok (€x) = €'Qi + n'S;i + £ Ko —

[(SQ(GI)’ 5Q(€2)] = 5u(—4i57'i’y . veg) + ...
[65(n), 6q(€)] = 6u(—6ielin?) + .-

e Spinors are SU(2)-Majorana, i.e. x* = €¥C(x?)*




wi, Mt of, Y]

i —

2i€%p;, M

o Contain a gauge field WlforG =U1)", I=1,...,n
o OW,, = —2i&~, 02

[6g(€1), 6g(e2)] = du(—4igiy - ved) + - -+ + da(—2ie1e2 M)



L%, ' E, N

Contain a conserved current D, E® = 0.

‘dual’ to vector multiplet, compare the components.
SL4 = 24elipd)

SU (2)-triplet, S-invariant scalar L% generates a linear multiplet.

«O> «Fr «=E» «E» =




e V: vector multiplet, L : linear multiplet

— invariant action L(V - L)
o Supersymmetrization of W, E®.

e V, V’: vector multiplets —> L[V, V'] : linear multiplet
o Supersymmetrization of Wo, W/ — Eq = €abeae FPCF'%.




e Combine VJ x VK — LJK and the VI . LYK action formula
° EG’[IL‘IK] — EabcdeFl;IchIg
— Supersymmetrization of e2bcdeWIFJ pK |
e symmetricin I, J, K

— defined by a purely cubic N = crgxg MM M¥X /6



Comparison to 4d

Chiral multiplet C,, with Weyl weight w,
which is annihilated by chiral half of Q.

Cw X Coppr — Cw+w’

F-term Action formula Lr(C3)

Embedding V.— C4[V] and C; — L[C4]
cf. V.— Wy in 4d susy

VI vector multiplets, let XI = C;[V]

Take F(X)2: arbitrary degree 2
— invariant action £ (F (X))
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Comparison to 4d

Chiral multiplet C,, with Weyl weight w,
which is annihilated by chiral half of Q.

Cw X Coppr — Cw+w’

F-term Action formula Lr(C3)

Embedding V.— C4[V] and C; — L[C4]
cf. V.— Wy in 4d susy

VI vector multiplets, let XI = C;[V]

Take F(X)2: arbitrary degree 2
— invariant action £ (F(X)) which satisfies

Lr(F(X)) = Lr(XT - Fi(X)) = £(VT - LIF(X)])

e only the last form available in 5d and in 6d
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AL Car FL I

e a=1,2,...,2r, acted by U Sp(2r)

o Al = 9 J,p(AL)

8o =+ — PPPMTALe;

where P;’B the charge matrix of I-th U (1)
We use with » = 1 as the compensator.

Used to fix extra symmetries.



Action

Bosonic part of the Action

ey = N (_§D +1iR- 3v2> + N7 (—2vabFC{b)
+ Ny (—§FLF® + 1D M DM + Y[y 74)
— e_I%GA“VPUNIJKW){Fl{VF:g_.

e Ly = D AXD, AL + AX(PM)* A
+ A2 (3D + %R — j0?) + 2PpapY "I AZAS

o Gauge fix & Eliminate Auxiliaries
— Reproduces [Giinaydin-Sierra-Townsend]
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e 'Ly = DAIDLAL + AZ(PM)* AL
2 (1 3 1.2 ij 4G AB
+ A% (1D + SR — j0?) + 2PpapY " AZAf

o Suppose Prog = PIiaiﬁ.
Dy =8+ Vi — ProgW,,.
o fix A o 67,
—> SU(2)r x U(1)™ broken to U(1)™.
effectively sets V4 = ig3 PtW [

u]
8]
i
n
it
N)
o
0)
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e Weyl multiplet W

— Linear multiplet LIW?] with B¢ ~ e R , . R9 40
e Use V - L action formula

—_— cIW;Ea ~ciWItrRAR




o R(Q) -2 R(M) so that
Q

L;; —

®

E,
w
R(M)R(M)
e L;; should be triplet, Weyl weight 3, covariant :

L9[W?] = iRap(Q)R™(Q) + A1ix'ix?) + Azv™Ray (U)
e 0sL;; = 0 fixes Ay = ﬁ and Ay = —

4

§.
¢ Get other components by SUSY variation !



W x W — L

R(Q) 2, R(M) so that

L;; — o) 9, E,
\ W
Q

R(Q)R(M) — R(M)R(M)
L;; should be triplet, Weyl weight 3, covariant :

L9[W?] = iﬁab(i(Q)Rabj)(Q) + Aixx? + A0 R (U)

55L7;j = 0 fixes A1 = % and Az = —%.

Get other components by SUSY variation !
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W x W — L

R(Q) 2, R(M) so that

L;; — o) 9, E,
w \ W
Q Q

R(Q)R(Q) — RQR(M) — R(M)R(M)
L;; should be triplet, Weyl weight 3, covariant :

L9[W?] = z'1:%15(1.(Q)Rabj)(Q) + Aixx? + A0 R (U)

(SsL,,;j = 0 fixes A1 = % and Az = —%.

Get other components by SUSY variation !
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Result

W x W — L formula

LY

©

iR Q)R (Q) + ix'ix?) — 2v® R (U),
)
—%EabcdeRbcfg(M)Rdefg(M) + %eabcdeRbcw(U)Rdeij(U)

+ ﬁb (_gvabD + 2Rabcd(]\l)'UCd - geabcdevcfﬁfvde

~Nd, 16 d 4 2
- 4€abcde'vch 'Ue'f + _'va.c'UC Vap + 3Vab? ) ’

0% + RO Ragea(M) — 5 B (0) B (0)

- abcd(M)Uab cd + g_GvabDb’Dcvac + %DavbCDavbc
+ §Da’vbCDb’Uca =

+ 8vpv Vg — 2(va bv“b)z.

gﬁabcde’vabUCde'Ue'f

Yuji Tachikawa (SNS, IAS)
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Comments

E, term

EalW?] = €abode (—5 R*II (MR 1y (M) + § R*I(U) R%35(U))

+ ﬁb (_gvabD + 2Rabcd(M)'UCd - geabcdevcfﬁfvde

~Nd 16 d, 4 2
- 45abcde'vch 'Uef + ?vac'vc Vgp + 3Vab? )

DeE, = 0 : check of consistency
—1 tr R(M) A R(M) accompanied by 1 tr R(U) A R(U)
R(U)Y, : curvature of SU(2)r gauge field
R(M)%,. =0
— bosonic components of R(M)abea = Weyl tensor.
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Correction to the Chern-Simons

CS terms

ctW E“[W?]

= €abedeCIW (%Rbcfg(M)f%defg(M) 1 Rl‘zcJ (U)Rdejk:(U)>
= €gbedeCI WL <%Rbcfg(M)1%defg(M) _ EPJPKFchFKde>

e Recall V35, = PI(za' Wl
- R(U)ab = Py(io} )Fé—b
o Py: charge of the compensator under I-th U(1).

* cryk — crgk + ¢ PjPk).
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{Qar QLY ~ P,

[KIJJ Py] ~ 5”1’D

where D : # — (1 4 €)x#




4d superconformal algebra

Conformal algebra

Ty © [Klu P ~ J#VD
{Qou Qﬁ} PM’Yaﬁ where D : * — (1 + 6):13“

! :

Superconformal algebra in 4d

O [Kua Qa] R ’YZIBS'B
{Qas Sﬁ} ~ €qpR
R controls the dynamics, central charge, . ..

R =rIG;, Gy : I-th U(1) charge
1y

Susy algebra

How do we determine r
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e Crgk =trG1GjG K : U(I)I-U(I)J-U(I)K anomaly
e ¢ =trGy : U(1)z-grav.-grav. anomaly
® [(;Ia(2a1:= I&‘?a

o Form a(r!) = 3ér5xr

1,.J,.K _

&ITI
o Maximize it under the condition Prr! = 1

e Bonus: a at the maximum = central charge

?



trGiIG;Gg —> éIJKWI/\FJ/\FK
¢ = trGy

—

EIWIANUrRAR

o We'll see [G1,Qa] = PrQo —> Pr: charge of the compensator
e We'llalsosee R = rIGp — 1 o« M1

e a-maximization should arise as the susy condition ...



Supersymmetric AdS solutions

Finally hard work really pays off.

4d superconformal algebra C local 5d superconformal algebra !

Suppose the metric is AdS with radius L
—> eight solutions to D€ + 5+, =0

Its complex conjugate : D,,e* — %'yue* =0

SU (2)-Majorana spinor e satisfies (e!)* = €2
— need to choose @ : constant triplet of SU(2) r to have
1

Dyt — i@ 75 = 0

Yuji Tachikawa (SNS, IAS) Feb 2007, IAS 34/42



61&2 =D, — vun' I

* Remaining susy: dg(€) = dq(€) + ds(n)
o where 0’ = L (iq - &)%;€7
e 6x =0 — D =0.




6¢™ = —PrgMTAge + 348"

o AX o 0
."7”:

= - (4G - &)t jed

- PIaﬁ=PI(iq‘ﬁ)aﬁ and L = %(PIMI)_I



4d and 5d algebra

Unbroken Generators

5d Commutators 35(€) = dq(e) + ds(n),
[6g(e1),0q(e2)] = da(—2iere2M) |  6c(6) = 6c(6) — du(o)
[6q(€), ds(n)] = 5u(—6i_€("nj)) where
[0u(a3), dq(e)] = dq(aje’) nt = (ig- 5)i;el /(2L)
o = Pol(iq- &)
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4d and 5d algebra

Unbroken Generators

5d Commutators dg(e) = dq(e) + ds(n),

[6o(e1),0g(e2)] = da(—2iereaM)|  5(8) = dc(8) — du(o)
[6q(€), ds(n)] = 5u(—6i_€“nj)) where

[0u(o5); 6q(e)] = dq(aje) | ' =(ig- )% /(2L)

o = Pi0l(ig- )9

4d commutators
[05(€); dg(e)] = oL (—2iMTee)
[0c (9) 5 Qe = 05(Pro7(iq - 5)';€%)
o O/ (e) gives Qaq and Saq

— [GI7 Q4d] PIQ4d/ [Q4d, S4d] ~ MIGI
o rl ~ MT

Yuji Tachikawa (SNS, IAS) Feb 2007, IAS
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6(2{ = Y,;jej — MT].,; I

e 0= 55 (17 F)yel — Vi = (i &)y M

o Y;5 determined by EOM.

e This is the ONLY place where the detailed action comes in !



6(2{ = Y,;jej — MT].,; '

nt = 5o (iq- &) — YL =(ig- &) M!
Y,} determined by EOM.

This is the ONLY place where the detailed action comes in !

Lot = L(crgrVT - LIV, VE]) + L(c7V! - L[W?]) + Ly

— Pr = %CIJKMJMK independent of ¢y



Susy condition

Chern-Simons terms
L(V-L[V,V]) +L£(V-L[W?])
WIFIFK || S ek = JCIIK +5cu PPk

Wlitr RR

1

1 A
19272 Cr

e EOM: PI CIJKMJMK
—_— PI X 3CIJKMJMK — C(IPJPK)MJMK

o which is exactly what you get if you maximize
3ergk MM MK — erMTPyM7 P MK

under the condition PtMT =1 .
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Susy condition

Chern-Simons terms
L(V-L[V,V]) +L£(V-L[W?])
WIFIFK || S ek = JCIIK +5cu PPk

I 1 -
Witr RR WCI

1

e EOM: PI CIJKMJMK
—_— PI X 3CIJKMJMK — C(IPJPK)MJMK
o which is exactly what you get if you maximize
3ergrk M M7 MY — etM PyMY7 P MK
under the condition PtMT =1 .
e a(rl) = 3%(3éIJKrITJ’I°K —¢rrl) !
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Value of a at the maximum

Formula for a and ¢

S <i22 - 80a+}:gﬁ+8‘y — R+ aR?+ ﬂwa 'YRuupa)
_, a =m’L*(1—40a -85 —47),
c =72L3(1 —40a — 83 + 4v).
e Derived from (T'T') correlator.
e Forus, (a0, B,7) = %CIMI(%, —%,1) —_
a=mL3= 2(M PI) -3 ?chIJK"'I'rJ'I'K
= 3% (3cIJKrIrJrK — CITI>

where I o« M7 is normalized so that Prrf =1
and crgreMITMIME =1 was used.
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e Superconformal Tensor Calculus reviewed.

e W Atr R A R Supersymmetrized.

e Dual of a-maximization clarified.
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e Superconformal Tensor Calculus reviewed.
e W Atr R A R Supersymmetrized.

e Dual of a-maximization clarified.

* More application should be possible.

e Black rings [Castro-Davis-Kraus-Larsen, 0702072]
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