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Montonen-Olive duality

e N = 4SU(N) SYM at coupling 7 = 8/(27) + (47i)/g?
equivalent to the same theory coupling 7/ = —1/7

e One way to ‘understand’ it: start from 6d ' = (2, 0) theory,
i.e. the theory on IN M5-branes, put on a torus

-t

e Low energy physics depends only on the complex structure
—> S-duality!
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S-dualities in N/ = 2 theories

® You can wrap /N M5-branes on a more general Riemann surface,
possibly with punctures, to get N/ = 2 superconformal field theories

o Different limits of the shape of the Riemann surface gives
different weakly-coupled descriptions, giving S-dualities among them

e Anticipated by [Witten,9703166],
but not well-appreciated until [Gaiotto,0904.2715]
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e Exchanges monopoles
and quarks

e Comes from S-duality of
Type IIB




e Exchanges monopoles
and quarks

o Infinitely Strongly
coupledat T =1




at coupling 7 I
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at coupling 7/ = T SU(2) C Eg is gauged
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[Argyres-Seiberg,0711.0054]



at coupling 7 I

{

1
at coupling 7/ = T SU(2) C Eg is gauged
—T

[Argyres-Seiberg,0711.0054]
What??? Huh???



Consider a superconformal linear quiver
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Associate Young diagrams to tails:

&}6—535—434—232—0

(1] 6—-3<3-0
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From:

To:




From:

To:

where t = exp(xg + ix11), v = x4+ ix5. SW curve is
N[t -t) =0
i

Funny boundary conditions at £ = 0, co.



From:

To [Gaiotto,0904.2715]:




Recall the separation of two points ~ inverse gauge coupling. Then:
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Recall the separation of two points ~ inverse gauge coupling. Then:
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Recall the separation of two points ~ inverse gauge coupling. Then:
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Recall the separation of two points ~ inverse gauge coupling. Then:
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SU(3) with Ny = 6

is S-dual to SU(2) with Ny = 1,

coupled to a strange theory with SU(3)® flavor symmetry
131>

SU(3) x SU(3) enhances to SU(6);
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SU(3) with Nj = 6
©)
is S-dual to SU(2) with Ny = 1,
coupled to a strange theory with SU(3)® flavor symmetry

>3] > @11

SU(3) x SU(3) enhances to SU(6); three SU(3)s on the same footing
—> Fjg flavor symmetry!




Basic quantities for CFT: central charges

a and cin4d ~ n, and ny if N = 2
SU(3) with Ny = 6:

N, = 8, np = 18

SU(2) with N; = 1 and SCFT[ Eg]

Ny = 3+ 77, np=2+77



e Basic quantities for CFT: central charges
e aand cin4d ~ n, and np, it N = 2
e SU(3) with Ny = 6:

N, = 8, np = 18
e SU(2) with V; = 1 and SCFT[FEs]

Ny = 3+ 77, np=2+77

e SCFT[FEg] has
N, = 5, np = 16

e agrees with other independent calculations [Aharony-YT]
[Cheung-Ganor-Krogh]
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E;
SU(4) x SU(2) with a bifundamental and six flavors for SU(4)
@2

is S-dual to SU(3) x SU(2) with a bifundamental and one flavor for
SU(2), couple to a strange theory with SU(4)? x SU(2) flavor symmetry

SU(4) x SU(2) enhances to SU(6); two SU(4)s on the same footing
—> F7 flavor symmetry! [Benvenuti-Benini-YT]

Q—Q—Q—i—@—@—@
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Realization here:
9@ n, =15+ 3 =18
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Realization here:
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N, =154+ 3 =18

np =2446+4 2 = 32

Another realization [Argyres-Seiberg]:

n, =4 X 5/2 =10, np =4 X 6 = 24. l




Realization here:
99 N, =15+ 3 =18

np =16+ 8+ 8 = 32

N,=7+8+3 =18

Another realization [Argyres-Seiberg]:

n, =4 X 5/2 =10, np =4 X 6 = 24.
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Eg
This quiver
©RORCR0)

is S-dual to SU(5) x SU(4) x SU(3) x SU(2) with lots of hypers,
couple to a strange theory with SU(6) x SU(3) x SU(2) flavor symmetry

6> @32

SU(3) x SU(2) enhances to SU(5). This SU(5) does not commute with

SU(G) — Eg!
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One realization:

9@99 N, =84+35+15+3 =61
np =18 +30+ 24 + 8 = 80

>6]05H4-3-2H1| me=77+24+16+8+3 =61

np =77 +20+124+ 6+ 2 = 80




One realization:

9@99 N, =84+35+15+3 =61
np =18 +30+ 24 + 8 = 80

623 @3)2)[1] me=11+24+16+8+3 =61

np=40+20+12+6 +2 = 80




Ey
[Argyres-Wittig 0712.2028] had this example:

USp(6) with 11 half-hypers in 6 +

the three-index antisymmetric traceless tensor 14

!

Eg theory coupled to SO(5) gauge multiplet via

SO(5) x SO(11) C SO(16) C Es.

Here, the original had
n, = 21, np = 33 + 7 = 40.
The dual had
n, =77 +10 = 21, np = 77 = 40.

Yuji Tachikawa (IAS) November 2009 247147



Ey
[Argyres-Wittig 0712.2028] had this example:

USp(6) with 11 half-hypers in 6 +

the three-index antisymmetric traceless tensor 14

!

Eg theory coupled to SO(5) gauge multiplet via

SO(5) x SO(11) C SO(16) C Es.

Here, the original had
n, = 21, np = 33 + 7 = 40.
The dual had
n, =114 10 = 21, np = 40 = 40.

Yuji Tachikawa (IAS) November 2009 247147



Why does the RHS and LHS look similar? Is there a physical reason?
~ Yuji Tachikawa @IAS)  November2009  25/47



Consider the Young diagram @ As a quiver tail, this is g @,
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As a IIA configuration, we have
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Consider the Young diagram @ As a quiver tail, this is g @,
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As a IIA configuration, we have
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means that N = nk M5-branes end on C2 /Z,.



M5-branes wrap a sphere, which touches three C2 /Zs.
This is one way to partially resolve an Eg singularity.
Similarly for Er, Eg:




M5-branes wrap a sphere, which touches three C2 /Zs.
This is one way to partially resolve an Eg singularity.
Similarly for Er, Eg:

In fact, they are basically dual to the F-theory consideration done
in MIT 10 years ago [DeWolfe,Igbal,Hanany,Zwiebach...]
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N-2 of them

where ® - -0




e the bifundamental,
SU(N) x SU(N) x U(1)

o
® @
e the T\ theory,

SU(N) x SU(N) x SU(N)

®
N
@@




Fun with Ty

® ®

a) @) ®
® ®
® ®

b) (™) —
® ®
® °

0 ® —
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e 2(g — 1) copies of T, 3(g — 1) copies of SU(IN)
—> 3(g — 1) marginal couplings!



R Zy
OO & X

e 2(g — 1) copies of T, 3(g — 1) copies of SU(IN)
—> 3(g — 1) marginal couplings!

m=(o-0 [j3 =T 1], =y [fve -1



Fun with Ty

O ® & £ =

e 2(g — 1) copies of Ty, 3(g — 1) copies of SU(IV)
—> 3(g — 1) marginal couplings!

e A

e agree with the central charges determined from
the gravity solutions [Maldacena-Nufiez,hep-th/0007018]
or the anomaly [Harvey-Minasian-Moore,hep-th/9808060]

e Now we know the field theory realization.

Yuji Tachikawa (IAS) November 2009 33747



Gaiotto called these theories “generalized quiver theories,”
but we [Benini-YT-Wecht] didn’t like it.



Triskelion and Sicily

Gaiotto called these theories “generalized quiver theories,”
but we [Benini-YT-Wecht] didn’t like it.
Siciliy’s flag

has in it a triskelion: tri+ skelios (Gk. leg).
We adopted the terminology “Sicilian gauge theories.” Please do.
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e We now have a map
G : Riemann surface with punctures —» 4d field theory

e (' behaves nicely under degenerations of the Riemann surface 37
i.e. any thin, long tube gives a weakly coupled SU(IN') gauge group



4d CFT vs 2d CFT

e We now have a map
G : Riemann surface with punctures —» 4d field theory

e Gy behaves nicely under degenerations of the Riemann surface 3
i.e. any thin, long tube gives a weakly coupled SU(IN') gauge group

o Take whatever physical quantity Z calculable in 4d:
: 4d field theory = number

e Then, Z (G n (X)) behaves nicely under degenerations of X,
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4d CFT vs 2d CFT

e We now have a map
G : Riemann surface with punctures —» 4d field theory

e Gy behaves nicely under degenerations of the Riemann surface 3
i.e. any thin, long tube gives a weakly coupled SU(IN') gauge group

o Take whatever physical quantity Z calculable in 4d:
: 4d field theory = number

e Then, Z (G n (X)) behaves nicely under degenerations of X,

e This morally means that Z o Gy gives a 2d CFT.

Yuji Tachikawa (IAS) November 2009 36/47



6d CFT

e More physically, consider /N M5-branes wrapped on X4 X X2
e Take a quantity Z for the 6d theory,

o furthermore suppose Z depends only on the complex structure.

6d theory on X4 x X2
KK-reduce KK-reduce
along 22 along X4

4d theory on X4 on 22

Yuji Tachikawa (IAS) November 2009 377147



6d CFT

e More physically, consider /N M5-branes wrapped on X4 X X2
e Take a quantity Z for the 6d theory,

o furthermore suppose Z depends only on the complex structure.

7| 6d theory on X4x X2 |

KK-reduce KK-reduce
along 22 along X4

Z[ 4d theoryon X4 ] = Z] on X2 |
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e More physically, consider IN M5-branes wrapped on X4 X 3o
e Take a quantity Z for the 6d theory,

e furthermore suppose Z depends only on the complex structure.

7| 4d theoryon X4 | = Z[ 2d theory on 22]



e Nekrasov’s instanton partition function
= the Virasoro/Wy conformal block.

e Full partition function
= the Liouville/Toda correlation function.
[AGT,Wyllard,Marshakov-Mironov-Morozov,...]



e Nekrasov’s instanton partition function
= the Virasoro/Wy conformal block.

e Full partition function
= the Liouville/Toda correlation function.
[AGT,Wyllard,Marshakov-Mironov-Morozov,...]

e Superconformal Index = a 2d TQFT
[Gadde-Pomoni-Rastelli-Razamat]



Seiberg-Witten curve

e SU(2) with four quark pairs with mass parameters mq p,c,d

mg m,

mb c

o The SW curve is y? = ¢2(2z) where

e z is the coordinate of the base sphere
e SW differential is ydz
o ¢2(z)(dz)? is a quadratic differential with (for i = a, b, c, d)

$2(2)(d2)? ~ midz?/(z — z:)*

o exp(—2miTyyv) is the cross-ratio of z4,p,c,4

e Mass of the W-boson is/ ydz
c

Yuji Tachikawa (IAS) November 2009
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Liouville theory

e Consider Liouville theory
1
S= [ @ayG (10uel* + ne™ + QRy)

where Q@ = b+ 1/b. c=1+6Q2

e Its four-point function is
(Vi Vima Ving Vima) = / da Cmy,m3,aCams,ma |J:|2

where Vg (2) = e~ (@120)¢(2) 4p¢ Cai,a0,a5: DOZZ 3pt function

Yuji Tachikawa (IAS) November 2009 40747



Liouville vs. gauge theory

(Virss Virsa Vi Vima) = / da Crmy msaClamamal FI?

e Conformal block JF is Nekrasov’s instanton partition function Zj,

e Product of C’s happens to be | Z 1_100p|2

<Vm1 Ving -+ > = /]‘_[(a'?dai)|Z1—loopZinst|2

e Whenb =1 (i.e. €1 = €3, c = 25)
the RHS is the partition function on S 4, [Pestun]

Yuji Tachikawa (IAS) November 2009
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Nekrasov vs. Conformal block

e Both Zj, and F depend on the decomposition
of the Riemann surface into pairs of pants

e Nekrasov’s side:
decomposition determines the S-duality frame

e Conformal block’s side:
decomposition determines the

e S-duality is the s-t channel duality!
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e SW curve was Y% = ¢pa(2).

e Liouville theory has T(2).
e Both have spin-2.



e SW curve was Y% = ¢pa(2).

e Liouville theory has T(2).
e Both have spin-2.

lim (7'(2)) = ¢2(2)

Mg >>€1,€2



o An_1 Toda theory

1 e - -
S=_ / d*z./g <|au¢|2 +u)y e 4 Qp- 90R>

where Q = b+ 1/b. c=(N—-1)+Q*N(N? —1).
e A; Toda = Liouville.
e Has Wy symmetry, with generators

Wa(z) =T(z), Ws(z), ..., Wn(2)



e SW curve was
Yy + oy 2¢a(2) + ¥y Phs(2) + -+ + on(2) = 0.
e Toda theory has operators

Wa(z) =T(z), Ws(z), ..., Wn(z)



e SW curve was
Yy + oy 2¢a(2) + ¥y Phs(2) + -+ + on(2) = 0.
e Toda theory has operators

Wa(z) =T(z), Ws(z), ..., Wn(z)

lim (Wi(2)) = du(2),

Mg >>€1,€



e SW curve was
YN + YV 2 ha(2) + ¥V Phs(z) + - + dn(2z) = 0.
e Toda theory has operators

Wa(z) =T(z), Ws(z), ..., Wn(z)

lim (Wi(2)) = du(2),

Mg >>€1,€

presumably. (nobody has checked...)



e SU(N) quivers give the An_1 Toda theory
[Wyllard,Mironov-Morozov]
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e SU(N) quivers give the An_1 Toda theory
[Wyllard,Mironov-Morozov]

(e1 + €2)2

€1€2

c=(N—-1)+ N(N?-1)

e Anomaly polynomial of IN M5-branes minus center of mass
[Harvey-Minasian-Moore]

p2(N)
24

I[AN—1] = (N — 1)Ig(1) + N(N* — 1)



e SU(N) quivers give the An_1 Toda theory
[Wyllard,Mironov-Morozov]

2
c=(N—1)+N(N2—1)M
€1€2

e Anomaly polynomial of IN M5-branes minus center of mass
[Harvey-Minasian-Moore]

p2(N)
24

I[AN—1] = (N — 1)Ig(1) + N(N* — 1)

e The former can be derived from the latter. [Alday-Benini-YT]
(relation first observed by [Bonelli-Tanzini])



e Why Liouville/Toda? [Dijkgraat-Vafa], [Bonelli-Tanzini], ...



e Why Liouville/Toda? [Dijkgraat-Vafa], [Bonelli-Tanzini], ...

e For SU(2)/Liouville, Ari Pakman suggested me this argument:

@ ecach channel is labeled by a under a <> —a
@ a is not conserved at the three-point vertex
® Such 2d CFT is bound to be Liouville [Teschner,. . . |



e Why Liouville/Toda? [Dijkgraat-Vafa], [Bonelli-Tanzini], ...

e For SU(2)/Liouville, Ari Pakman suggested me this argument:

@ ecach channel is labeled by a under a <> —a
@ a is not conserved at the three-point vertex
® Such 2d CFT is bound to be Liouville [Teschner,. . . |

WHY ???

November 2009 47147
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