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¢ Open string d.o.f. accounts for Bekenstein-Hawking entropy
for certain extremal Black Holes in 4D

branes

— @
BH
e Even subleading corrections from Wald'’s formula reproduced
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Charges of the object

Find BH w/ R¥%

D-brane bound state

( Apply Wald ) Count D.O.F. )

The two methods give the same entropy !
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¢ Uniqueness theorem in 4D

e In 5D, the horizon can be 83 or 82 x S1, Black Rings.
e More fun !

e Entropy matching should be even more interesting.
e However ...
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Near-horizon geometry and charges

Hard to obtain Black Ring sol’n in asymptotically flat 5D
Harder with R?
Hard enough in 4D. What made the analysis possible ?

Assumed BH is Extremal —» Near-horizon is AdS> x S2

Electric Charge = / *F, Magnetic Charge= [ F
52 52

Assume BR is Extremal —s Near-horizon is AdS; x S?

Charges ?¢¢
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1 1 4
S=—/ —xR—FAxF — —AANFAF
8nG 2

edxF=FAF —»/ *F dependent on X
b5)

e Electric charge distributes throughout the spacetime

outside the near-horizon region

Also true for angular momenta
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e d(xF —AAF)=0

—»> [ (¥xF — A A F) independent on ¥
B>
e Called the Page charge

e Not well-defined near horizon because
[ ]

I is non-zero
SZ

¢ and thus A is not a globally well-defined one-form

* More complicated for angular momenta
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» We solve the problem by using two coordinate patches

e BH, BRin R3! x §1 <« BH in R3!

e Large gauge transformation <= Witten effect on dyons
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=] ! / I*R F AN xF
T 881G 2 N =

——AANFAF
3v3 )
Rp.u = __gp.VFpano + 2Fp,pFup’
dxF =——F A F.

\/_




B.: E.
F. = ij i
e <—Ej

0) — Q=/°°d§-E’

= / *F
defined at asymptotic infinity

gauge-invariant and conserved

sometimes called Maxwell charge




_ (B Ei _ S B —
me=(Z 0) = a=fsms
defined at asymptotic infinity

gauge-invariant and conserved

sometimes called Maxwell charge

/*F—/*F:/d*F:/F/\F
oo >} B B

—> pt = e"P7TF, ,F,. is the electric current

=] =
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Electric Charge

_( Bij E; _ 7o
ru=(Zg %) — a=[ e E=[

defined at asymptotic infinity

gauge-invariant and conserved

sometimes called Maxwell charge

/*F—/*F:/d*F:/F/\F
oo x B B

—> pt = e"P7TF, ,F,. is the electric current

charge diffusely distributed throughout the space
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edxF=FANF=dAANF) —

/oo(*F—A/\F)=/2(*F_AAF)




Page charge

dxF=FANF=d(AANF) —

/oo(*F—A/\F)z/Z(*F—A/\F) J

introduced by D. Page

A A F taken to vanish sufficiently fast near co —

/oo*Fz/oo(*F—A/\F) J

e invariant under small gauge transformation A — A 4+ dx because

/2(A+dx)/\F=/2A/\F+d(X/\F)=/2A/\F.

Yuji Tachikawa (SNS, IAS) Sep. 2007, Yukawa Inst. 14/35



o Not invariant under Large gauge transformation A — A + g~ ldg
where g = exp(i¢p) winds nontrivially along some path C

/ (g™dg) A F = ((27) — $(0)) / F
CxS? S?

= (27)2 x integer

e can be fixed at asymptotic infinity: g~dg only decay ~ 1/

=] =

A2 N Ge
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Gauge Non-invariance of Page charge

e cannot really be fixed if there are multiple black objects :

/z‘(*F_A/\F)z/z: (*F—A/\F)+/2 (xF — AANF)

-~ -~

6 (&)1 Q2

¢ Q can be fixed, but Q1 and Q2 might change.

™M
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—_ /A A F meaningless.
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e A not a globally well-defined one-form if #0
—_ /A A F meaningless.
e Way out:

S2

© Introduce the Dirac surface.

: extends outside near-horizon region.
@ Introduce two coordinate patches.




L

S T D
let A = Ar + Bwhere 3 =g~ 'dg —
/F/\F = / FAF + FAF
B BNS BNT

/ As ANF + Ar AN F
CNnS+DNB CNT—DNB

= (/ As/\F+/ Ar ANF) + (As NF — Ar A F)
cns cnT DNB

= (/ As/\F+/ Ar ANF) + As A B.
cns cnT CcnD



e Define

“u ”
/ ANF
M

e Then

/ AgAF + ArAF +
MNS MNT

(e o)

AsNB
DM
" ”
(xF —AAF)= / (xF — AAF)
=
where you can take X' to be the horizon.



e Define

“u ”
/ ANF
M

/ Ag ANF + Ar AN F +
MnNS MNT
e Then

DNM
" ”
(xF —AAF)= /(*F—A/\F)
oo p)
where you can take X' to be the horizon.

e Still non-invariant under large gauge transformation.

AsNp



e Assume spacetime to be stationary,
let £ be Killing vector generating rotation
e Komar’s formula

1
Je = — v
€= T16nC /oo* ¢
where V€ = V & dx" A dx¥ = dE.

e dxdf =2x R, E'dx" —

Komar’s integral independent of the surface for vacuum gravity
not independent otherwise.



e Wald'’s analysis guarantees one can always find

d* V¢ =2 % Ry, e"dr”
so that

=4 % F,,F* £"dx"” = d(something)

/ (V& + something)
b>)
is independent of X

e that “something” is

4
& AF + (€ AANF.



Wald’s Noether charge

o Wald'’s analysis guarantees one can always find
dxV§=2xR,, E'dx”
=4 x F,,, F*, ("dx” = d(something)
so that

/ (xV& + something)
b>)

is independent of X.
e that “something” is

4
*(& - A)F + m(ﬁ -A)AAF.

e Not well-defined because
A is not globally well defined at the horizon.
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¢ can be made well-defined using two patches as before.
e rather than being concrete, let us give the general prescription

® dw = p where p = F A F and/or 2 x R, §"dx” .
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¢ can be made well-defined using two patches as before.

e rather than being concrete, let us give the general prescription

® dw = p where p = F A F and/or 2 x R, §"dx” .

® unfortunately w contains explicit A.
" ”
o [ 7=
M

ws + wr +
MnS MMT

w®

MMNoS



Two patches

e can be made well-defined using two patches as before.

e rather than being concrete, let us give the general prescription:

© dw = pwhere p = F A F and/or 2 x R,,,,§"dx”.

® unfortunately w contains explicit A.

" 144 1
(3) / w = ws + wr + w®
M MNS MNT MMNoS

© where, to compensate, dwV = wg — wr
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Two patches

e can be made well-defined using two patches as before.

e rather than being concrete, let us give the general prescription:

© dw = pwhere p = F A F and/or 2 x R,,,,§"dx”.

® unfortunately w contains explicit A.

" 144 1
(3) / w = ws + wr + w®
M MNS MNT MMNoS

© where, to compensate, dwV = wg — wr

® which can be solved because

ddw® < dws —wr)=ps—pr=0
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Two patches

e can be made well-defined using two patches as before.
e rather than being concrete, let us give the general prescription:

© dw = pwhere p = F A F and/or 2 x R,,,,§"dx”.

® unfortunately w contains explicit A.

" 144 1
(3) / w = ws + wr + w®
M MNS MNT MMNoS

© where, to compensate, dwV = wg — wr

® which can be solved because
ddw® < dws —wr)=ps—pr=0

® which is the Descent equation !
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Supersymmetric Single Black Ring:

As=—(¢;(+9
‘b
Z, W

) dip — g cos Ody,
q

Ar = As + 2qd¢
I e

electric charge
0

_Q+q
7
Y|

=/ As AN F + AT N Ag
SNy DNnx
Q-4
2 +

>~




e Supersymmetric Multiple Black Rings

V3 N
Qotal = =

e | %

N A2
(Qi - qzz) + (Z (Ii) ,

where Q; and g; are the electric and magnetic charges of i-th ring
e “Interaction” comes from the compensating term
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e We considered BR in Ry x R*

e Let us instead consider BR in Ry X Euclidean Taub-NUT

o Near the NUT, it’s just a BR in R®!

e Near infinity, it’s just a Black String wound in KK circle

¢ Near-horizon geom. the same in proper coordinates



Gauge dependence

a= /A¢d¢ is a scalar field in 4d

“a(x) — 0 when || — oc0” is not the right thing

large gauge transformation A — A 4+ g~ 'dg
—> g — a+ 27n

charge g, electric charge Q, angular momentum J changes

(Q7Q9J) _)(q9Q+Q7J+q2+qQ)

because Q@ D /AF, JD /AAF
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1 4
S5D=§*R—FI/\*FJ——A/\F/\FK

3V3
+

dsgd = e?°(dyp — Ao)o2 + e_lpdsid
Agg = a(dz/) — A ) + A4d

:

1 2a\3
Sgaugefields = |:§e3p + 26p(12:| FOAxFO — (7(;) FOAF°

4
+ 4ePaF° A xF' + —a?F° A F?

V3

4
— 2ePF! A xF! — ﬁaFl A F1
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e Detailed structure doesn’t matter much
e Just kinetic term + 0 term

«40>» «4F>» «=)>» « > = A



e Detailed structure doesn’t matter much
e Just kinetic term + 0 term

e Electric and magnetic charge well-defined,
e no problem associated to Chern-Simons
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Just kinetic term + 0 term

Electric and magnetic charge well-defined,
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Detailed structure doesn’t matter much

Just kinetic term + 0 term

Electric and magnetic charge well-defined,

no problem associated to Chern-Simons

What happened to the gauge-dependence ?

e"P7OF,,, F,e with scalar dependent 6

2a\?3 4 4
_ <%) FOAFO + %azF" AF! ﬁau.f?l A F! J




e Consider £ = F,, F*” 4 0e""P° F,, Fj

¢ 6 doesn’t change the EOM, but changes

1 .
B; = EeiijJk,
oL
E;, = = FE; + 0B;.
0B;

— Q=Qo+0q



e Consider £ = F,, F*” 4 0e""P° F,, Fj

¢ 6 doesn’t change the EOM, but changes
1
B; = —

ik
> €ijFI”,

oL
E; =

— Q=Qo+06q
=FE; + 0B,;.

9B; +

e 6 matters quantum mechanically

e i.e. @ — 0 + e changes the physics
e butstill @ ~ 6 + 27 equivalent



Witten Effect

Consider £ = Fj,, F* 4+ 0e"P° F,,, Fpr
0 doesn’t change the EOM, but changes

1 .
Bi = Eeiij]k,

= 0
ar — Q=Qu+0q
0B;

0 matters quantum mechanically

i.e. @ — 0 + € changes the physics
but still @ ~ 6 + 27 equivalent

Adiabatic change & — 0 + 2= brings (Q, ¢) — (Q + 27q, q)
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o in 5d, large gauge tr. A — A + g~'dg changes
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o in 5d, large gauge tr. A — A + g~'dg changes

(q,Q’J) - (q’Q+q,J+QQ+q2)
e in 4d with

_ (2—a)3F° AFO 4+ 2 a2po A gt — 2 gl A
V3 V3
a — a + 2m changes

V3

9

(q1,Q%, Q%) — (q1,Q' + q1,Q° + 1Q" + (¢1)?)



5d vs 4d

e in 5d, large gauge tr. A — A 4+ g—'dg changes

(¢,Q,J) — (¢,Q +q,J +Qq + ¢?)

e in 4d with
2a\3 4 4
— (=) FOAF '+ —a?F°AF! — —aF! A F!,
<\/§> V3 V3

a — a + 27 changes

(1,04, Q% — (¢1, Q' + ¢1, Q" + :1Q" + (¢1)?)

o Q" : KK electric charge = J : angular momentum along 1
o a= /A¢d¢
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e String theoretic construction of Black Rings

from M2-branes and M5-branes and momentum on them
e g: number of M5 branes
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Why did I discuss this obvious thing ?

e String theoretic construction of Black Rings
from M2-branes and M5-branes and momentum on them

e g: number of M5 branes

e one group claimed

1
Q : number of M2, Jy + EQZ : momentum

e another group claimed
- 1 -,
Q : number of M2, Jy — Jp + EQ : momentum

where @ = Q — ¢?
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Why did I discuss this obvious thing ?

e String theoretic construction of Black Rings
from M2-branes and M5-branes and momentum on them

q: number of M5 branes

one group claimed

1
Q : number of M2, Jy + EQZ : momentum

another group claimed
- 1 -,
Q : number of M2, Jy — Jp + EQ : momentum

where @ = Q — ¢?
Equivalent under large gauge transformation / Witten effect.
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WQQ&

Monopole charges :
| KK ordinary
BH1 1 X
< / > D BHy [ 1 x4
o o
4D
m] «F > E = vae




/
I\

N

Monopole charges :

BH
5D !

1
BH»

X
1

| KK ordinary

X+1

x can be chosen at will;

BH; BH, different !
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Two notions of charge: Maxwell vs. Page

Careful definition of Page charge:
two coordinate patches with a boundary contribution

Conserved charges encoded in the near-horizon geometry ! J

Large gauge transformation in 5d
<= Witten effect on dyons in 4d

Higher-derivative interaction ¢¢ [Castro-Davis-Kraus-Larsen]
NUT gets electric charges from AA RA R 2
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