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1. Introduction |

& Consider a D3 brane probing the tip of the CY cone Y
ds%/ — dr? -+ rzds?X

D3 at the tip X :Sasaki-Einstein

Y :Calabi-Yau

& Two way of analysis
e Field theory on the D3 = Some quiver gauge theory
e Near Horizon Limit of the D3 = AdS; X X5
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Do the properties maich ?

¢ Both give a theory with SU (2, 2|1) symmetry.
e 4d N = 1 SCFT from the field theory p.o.v.
e Isometry of spacetime from the gravity p.o.v.

& Basic quantity : Central charge a and c
a — c: 1/N correction / higher-derivative correction

¢ How can we calculate a ?
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Field Theory Side

CY cone as toric singularity
—> quiver gauge theory (Hanany et al.)
= a-maximization (Intriligator-Wecht)

Sasaki-Einstein Side

CY cone as toric singularity
—> Need to find Einstein metric on Sasaki-manifold
= Z-minimization (Martelli-Sparks-Yau)
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They match !

& A great check of AdS/CFT,
¢  Why do they match ?

cf. (Bulti-Zaffaroni 0506232) showed by brute force that Z = 1/a dfter
maximizing for baryonic symmmetry, but no clear physical explanation yet.

cf. (Barnes-Gorbatov-Intriligator-Wright 0507146) showed the equiva-
lence Z = 1/a on the vacua by considering two-point current correla-
tors.
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Divide and Conquer ...

type lIBon AdS5 X X5
| «— In a slow progress
5d gauged sugra on AdSs
| «— my work
4d SCFT

o 5d gauged sugra is very consfrained,
just as the Seiberg-Witten theory.
& Some insight might be expected from this point of view ?

5/31



& My message today :
a-MaXimization in 4d is P -minimization in 5d.

& More common name for P-maximization is the Aftractor Eq.

Historical Curiosity

In the penultimate paragraph in

(Ferrara-Zaffaroni ‘N=1,2 SCFT and Supergravity in 5d’ 9803060):

The presence of a scalar potential for supergravities in AdS5 allows to
study critical points for different possible vacua in the bulk theory. It
is natural to conjecture that these critical points should have a dual
interpretation in the boundary superconformal field theory side.

They could have discovered a-maximization
before (Intriligator-Wecht, 0304128) !
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2. a-maximization |

N = 1 Superconformal Algebra in 4d

{QOM Sa} ~ RSC —I— e o
[Rsc, Qa]l = —Qa

o Rgc carries alot of info:
e A>3Rgc
e a= %(3 tr R%’C —trRg()

cf. (T}) = a x Euler + ¢ x Weyl?
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o Let Q beintegral U (1) charges. = Rgo = 51Qj.

How can we find 5 ?

o let[Qr, Qu] = —PrQ..
o Call Qr = f1Q; with [Q, Q.] = 0 a flavor symmetry.

. P

QF W\< QF
SUSY

Rsc T

IMQrRscRsc = WQp
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% [gIQIa Qa] — _Qa = glpI = 1.
o Lleta(s) = 55(3trR(s)® — tr R(s)) where R(s) = s1Qy.
o IrQpRscRsc =t Qp = &l extremizes a(s) under s! Py = 1.

¢ Unitarity = it’s a local maximum.

a-maximization |

o Letérjr =trQrQ Qi and éy = trQy.

cf. Both calculable at UV using 't Hooft’s anomaly matching.
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3. 5d gauged supergravity |

Multiplet structure

¢ Minimal number of supercharges is 8, called A/ = 2
o Gravity multiplet, Vector multiplet, Hypermultiplet

Gravity multiplet

Juv 5 Al

o 1 =1,2: index for SU (2) .
¢ I: explained in a second
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Vector Multiplet

Al, XY, 97

o I:0,...,nyandx:1,...,ny
cf. Aﬁ constitutes integral basis; graviphoton is a mixture.

o ¢* parametrize a hypersurface
F = CIJKhIthK =1

in (ny + 1) dim space {h!} = h! = hI(¢®): sp. coordinates
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¢ Kinetic terms are

1 1
I pJ
—ggwyauﬁbmau@by - ZaIJFuuFuu

where

I K
gzy = _3IJKh,mh:;h’

3
ary = hrhy + ngth,a:hJ,y

hr = crych’h®  (dual sp. coordinates)

¢ There is the Chern-Simons term
1

66

vpoT Al nd K
CIJKEH p AuFVpFa'T
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Hypermultiplet

g, ¢4
o X :1,...,4ng, holonomy SO(4ng) O Sp(ngy) ® Sp(1)Rr
o A:1,...,2ng labels the fundamental of Sp(n )

o Vierbein fX,i = 1,2

o Sp(1) g part of the curvature is fixed:

Rxyij = —(fxiafi; — fviafx;)
Weuse {ij} «— r=1,2,3
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Gauging

& Potential is associated with the gauging of the hypers:
where /< f is triholomorphic:
K Ry = Dy P|

cf. Py is alriplet generalization of the D-term.
& The potential V is given by

V =3¢V, P"8,P" + g*Y DxP" Dy P" —4P"P"
where P" = hlpr

cf. Gukov-Vafa-Witten type superpotential.
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o P" appears everywhere:

e Covariant derivative of the gravitino
Dyt = 9t + Ay Pl ]

e SUSY ifransformation law

be” = BT
. 2 .
5€A; = —ej\/;BwPU —|— RPN
Seq™ = —ig;if X4 A
NG
5eCa=—€FfxiaKTh! +--

4
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o Suppose K3 = Q#-q¥ +---
where Q;(Y is the charge matrix of the hypers.

X ptJ 1)
— some calculation =

Qry € so(4ng)
projection | U

P7 € sp(l)g

at ¢X = 0.
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4. How do they match? |

Recap.

Field theory & Supergravity
¢k =WQrQ QK cryrh'h/RE =1
[Qr, Qal = —P'Qq Dy, = (8 + Pl AL by

a-max ???

20/31



AdS/CFT correspondence

AdS CFT
o O
Z[qg(w),%:oo = ¢(z)] = (e f¢(w)o(w)d4m>
Al — J¥: current for Q;

. . AIJN
Thus, we need to introduce (e I sOFT-
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Qr has friangle anomalies among them
I 7p
= (e~ Audr YscrT depends on the gauge !

1
Sq(++-) = | dx———¢ IpJ A FE
g( / oa2CTIKY

1
:/d5m24 2('EIJK'(SQ(14I)/\17']/\1'7'1{
7T

o ér=trQrisrelatedto é; AL A tr R A R in the same way.

¢ Inthe following, we set ¢ < ¢ryKk-
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SUSY condition for sugra

&

Assume ¢X = 0and ¢4 = 0. -
Recall 6)%, o €;0;PY. = 6A =0 = hi P’ =0

h*. and P] is perpendicular as (ny + 1) dim’l vectors.

r=1,...,ny = P"™=123 are parallel.
Rotate so that P"=1:2 = o, P"=3 £ 0.

crykh’hIhE =1 = cryh'n’ BE =0
hi

hy = kPr=3: Aftractor Eq.
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¢ Recdll

AdS CFT

’Qbu — QOU Sa
A[I,l, <« QI

and
Dyl = 8,9, + AL P!y,

= The charge of Q,, S under Q is +PF=>.

o Recall [Qr,Qa] = —PrQa
= PI=3 = Pr.
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& From the susy ftr,
{0, 0}q% o (e€ )R K#

= Rgc = §Qr <« M1 Q.
o Recall3'P; =1.= 5 = nl/(hIPy).

o Extend the relation to s! = h!/(h! P;)=

a(s) x tr(s1Qp)3 = érypsls’s (W Pp)3 x (h!Pr)=3.

¢ a-max = P-min!

SA=h Py =(h'P}) s =Py =0
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E.g. Exactly marginal deformation

AdS CFT
M. <+ ‘Conformal manifolds’

o A puzzle

e M., should have Kahler structure from CFT p.o.v.

e M, must corresponds to hyperscalars,
since vectors are fixed by a-max = P-min.

e Hypers are quaternionic, which is not Kahler. ???
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o 64 =0= KX = 0where KX = hl K.
o Superconformal deformation — M. = {gX € Muyper| KX = 0}
o From DxP" = R KX, P"is covariantly constant on M.

o Then M., is Kahler, because

J = Ry ,9%% P, /|Py|

is a covariantly constant matrix with J2 = —1.
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a-max with Lagrange multipliers

¢ SCFT also has anomalous symmetries

OuJf => mitF* A F°
a

¢ (Kutasov) extended the a-max to include them,
a(s!, Xa) = a(s) + )\am?sI

where )\, are Lagrange multipliers enforcing the anomaly-free condi-
tion for Rg.

o Aq behaves like coupling constant for F,.
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¢ Recall

AdS CFT
A, JH
b X

Higgs mechanism <« anomalous symmetry

¢ IY’'s because

(exp(/ Ay JH + ¢X)) : invariant under 0A, = 0Oue, O =c¢

—
@m&/d@ﬁ”—Xﬁ>=&

29/31



¢ Let us denote by K ELX the isometry for
5¢a:€, ¢aHtrFaAFa.

¢ It can be shown

AdS CFT
KX tr FO A F@
P£:1,2 — fr eaﬁ)\g)\g
=3
Pr tr FS, F2,

o P"=3 enters in the P-function as P :3mCILhI

The AdS dual of the coupling constant
exactly acts as the Lagrange multiplier!
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5. Conclusion |

DONE
v/ a-maximization is P-minimization or the atfractor eq.

v~ Other correspondences. Please see my paper !

TO DO

<& Dual of Higgsing, Dual of Unitarity Bound Hit, ...
o Include éfAIAHRAR

¢ Calculate cy jx for lIB on AdS x X5 (in progress)
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