Off-shell d = 5 Supergravity

Taichiro Kugo^{∗)}

Department of Physics, Kyoto University, Kyoto 606-8502

(Received November 27, 2000 )

In this talk, we review an off-shell formulation of matter-Yang-Mills system coupled to supergravity in five dimensional space-time. 5D supergravity tensor calculus is first obtained from 6D superconformal tensor calculus by Bergshoeff, Sezgin and Van Proeyen. Based on the derived tensor calculus, we obtain an invariant action for the general system of vector multiplets and hypermultiplets coupled to supergravity as well as the supersymmetry transformation rules. All the auxiliary fields are kept un-eliminated so that the supersymmetry transformation rules remain unchanged even when the action is changed.

§1. Introduction

In this lecture, I would like to review an off-shell formulation of matter-Yang- Mills system coupled to supergravity in five dimensional space-time. This is based on the work in collaboration with Keisuke Ohashi.

It is really a revolutionary and interesting idea that our four-dimensional world may be a ‘3-brane’ embedded in a higher dimensional spacetime. In order to investigate various problems seriously in such brane world scenarios, however, we need to know supergravity theory in five dimensions.^{1), 2)} We are interested in five dimensional space-time since it provides us with the simplest case in which we have a single extra dimension. Also in a more realistic situation, M-theory, whose low energy effective theory is described by eleven dimensional supergravity, is expected to be compactified on Calabi-Yau 3-folds and becomes to be described by effective five dimensional supergravity theories.^{3), 4)}

In various problems, we need an off-shell formulation of supergravity containing the auxiliary fields with which the supersymmetry transformation laws are made system independent and the algebra closes without using equations of motion. For instance, Mirabelli and Peskin^{5)} were able to give a simple algorithm based on an offshell formulation for finding how to couple bulk fields to boundary fields, in the work in which they considered a five-dimensional super Yang-Mills theory compactified on S^1/Z_2 and clarified how supersymmetry breaking occurring on one boundary is communicated to another. Moreover, if one wish to study some problems by adding D-branes to such a system, then, without an off-shell formulation, one must find a new supersymmetry transformation rule of the bulk fields at each time one adds new branes, since the supersymmetry transformation law in the on-shell formulation depends on the Lagrangian of the system.

A 5D supergravity tensor calculus for constructing off-shell formulation has been given by Zucker.^{6)} In our first paper,^{7)} which we refer to as I henceforth, we have

∗) E-mail: kugo@gauge.scphys.kyoto-u.ac.jp

typeset using PTPTEX.sty <ver.1.0>

2 T. Kugo

derived a more complete tensor calculus by dimensional reduction from 6D superconformal tensor calculus.^{8)} Tensor calculus gives a set of rules in the off-shell supergravity: that is, i) transformation laws of the various type of supermultiplets, ii) composition laws of multiplets from multiplets, and iii) invariant action formulas. In the second paper,^{9)} refered to as II, we have constructed an action for a general system of vector multiplets and hypermultiplets coupled to supergravity based on the tensor calculus presented in I. In the summer institute 2000, the result in II was not yet fully available and was only partially reported.

§2. Dimensional reduction

The superconformal tensor calculus in 6D was given in an excellent and elaborate paper by Bergshoeff, Sezgin and Van Proeyen,^{8)} referred to as BSVP henceforth.

We perform a ‘trivial’ dimensional reduction from 6 to 5 dimensions, by simply letting all the fields and local transformation parameters be independent of the fifth spatial coordinate z. As in the usual procedure,^{10)} we fix the off-diagonal local Lorentz M_{a5} gauge by setting e^a_z = 0, and then the sechsbein e^aμ and its inverse take the forms

e^a_μ = ( e^a_μ e^5_μ = α^{−1}A_μ e^a_z = 0 e^5_z = α^{−1} ) , e^μ_a = ( e^μ_a e^z_a = −e^μ_a A_μ e^μ_5 = 0 e^z_5 = α ) . (2.1)

One should note, as usual in the dimensional reduction, that the field with flat (local Lorentz) indices alone is the same in 6D and 5D. Thus, for instance, the vector field h_μ in 5D is given by h_μ ≡ h_μ − A_μh_z, (2.2)

in terms of that h_μ in 6D.

In reducing to 5 dimensions by setting e^a_z = 0, it turns out to be simpler to also fix the conformal S and K gauge symmetries by using the following gauge-fixing conditions:

M_{a5} : e^a_z = 0, S^i : ψ^i_5 = 0, K_a : b_μ − α^{−1}∂_μα = 0, K_5 : b_5 = 0. (2.3)

The S gauge is chosen to satisfy ψ^i_5 = 0 (implying also ψ_z = e^5_z ψ_5 = 0), so as to make the condition e^a_z = 0 invariant under the supersymmetry transformation, δ_Q(ε)e^a_z = −2iε̄γ^aψ_z. Note that this gauge also implies the Q-invariance of the ‘dilaton’ field α ≡ (e^5_z )^{−1} = e^z_5 . Moreover, the K_a gauge b_μ = α^{−1}∂_μα is chosen so as to make α also covariantly constant D̂_μα = ∂_μα − b_μα = 0 in the reduced 5D theory, as we see below. Thanks to these two properties, the field α carrying Weyl weight w = 1 can be treated as if it were a constant and is freely used to adjust the Weyl weights of any quantities to arbitrary desired values. We, however, keep the dilatation gauge symmetry unfixed, since it becomes useful later when we change the Einstein-Hilbert and Rarita-Schwinger terms in the action into canonical form.

The supersymmetry transformation in 5D is found to be given by the following

Off-shell d = 5 Supergravity 3

Table I. Field contents of the multiplets field type restrictions SU(2) Weyl-weight Weyl multiplet eμ^a boson fünfbein 1 −1 ψ^i_μ fermion SU(2)-Majorana 2 − 12 V^{ij}_μ boson SU(2) gauge field V^{ij}_μ = V^{ji}_μ = −V^∗_{μij} 3 0 Aμ boson gravi-photon Aμ = e^z_5 e^5_μ 1 0 α boson ‘dilaton’ α = e^z_5 1 1 t^{ij} boson t^{ij} = t^{ji} = −t^∗_{ij} (= −V^{ij}_5 ) 3 1 v_{ab} boson real tensor v_{ab} = −v_{ba} 1 1 χ^i fermion SU(2)-Majorana 2 32 C boson real scalar 1 2 bμ boson D gauge field bμ = α^{−1}∂μα 1 0 ωμ^{ab} boson spin connection 1 0 Vector multiplet Wμ boson real gauge field 1 0 M boson real scalar, M = −W5 1 1 Ω^i fermion SU(2)-Majorana 2 32 Yij boson Y^{ij} = Y^{ji} = −Y^∗_{ij} 3 2 Linear multiplet L^{ij} boson L^{ij} = L^{ji} = −(Lij )^∗ 3 3 φ^i fermion SU(2)-Majorana 2 72 Ea boson real, constrained by (3.6) 1 4 N boson real, N = −E5 1 4 Hypermultiplet A^α_i boson A^i_α = ε^{ij} A^β_j ρ_{βα} = −(A^α_i )^∗ 2 32 ζ^α fermion ζ̄^α ≡ (ζα)^†γ0 = ζ^{αT}C 1 2 F^α_i boson F^i_α = −(F^α_i )^∗ 2 52

combination of 6D transformations of Q, S and K:

δ_Q(ε) = δ_Q(ε) + δ_S (η(ε)) + δ_K (ξ^a_K (ε)) , with η(ε)^i = −^1_{16α} γ·F̂ (A)ε^i −^1_4 γ·vε^i − t^i_j ε^j , ξ^a_K (ε) = −iε̄ ( ϕ^a − η(ψ^a) + γ^a(^1_2 χ − ϕ_5) ) , ξ^5_K (ε) =^1_2 iε̄χ . (2.4)

Here, γ·T for any tensor T_{a1···an} generally denotes the contraction γ^{a1···an} T_{a1···an} .

If we use the relations (2.4), it is straightforward (although tedious) to obtain the supersymmetry transformation laws in 5D for various multiplets, from 6D superconformal transformation rule.

We list in Table I the field contents of the Weyl multiplets, vector multiplets, linear multiplets and hypermultiplets, which we deal with in this paper. (The dilatation gauge field b_μ and spin connection ω^{ab}_μ are also listed although they are dependent fields.)

4 T. Kugo

§3. Supersymmetry transformation laws

3.1. Weyl multiplet

The supersymmetry transformation law for our 5D Weyl multiplet is found to be (δ ≡ δ_Q(ε)) δe_μ^a = −2iε̄γ^aψ_μ, δψ^i_μ = D_με^i +^1_2 γ_{μab}ε^iv^{ab} +^1_{2α} γ^aε^iF̂ (A)_{μa} + γ_με^j t^i_j, δα = 0, (D_με^i ≡ ∂_με^i +^1_2 b_με^i −^1_4 ω^{ab}_μ γ_{ab}ε^i − V^i_{μ j} ε^j ) δA_μ = 2iαε̄ψ_μ, δV^{ij}_μ = −4iε̄^{(i}γ_μχ^{j)} − 2iε̄^{(i}γ^aR̂_{aμ}^{j)}(Q) +^i_α ε̄^{(i}γ·F̂ (A)ψ^{j)}_μ + 4iε̄^{(i}γ·vψ^{j)}_μ − 6iε̄ψ_μt^{ij}, δt^{ij} = 4iε̄^{(i}χ^{j)}, δv_{ab} =^i_4 ε̄γ_{abcd}R̂^{cd}(Q) − 2iε̄γ_{ab}χ, δχ^i = −^1_2 γ^aε^iD̂^bv_{ab} +^1_2 ^/Dt^i_j ε^j − γ·vt^i_jε^j −^1_{4α} γ·F̂ (A)t^i_j ε^j +^1_2 Cε^i −^1_{32α2} γ^{abcd}ε^iF̂_{ab}(A)F̂_{cd}(A), δC = −2iε̄ ^/Dχ + 22iε̄^iχ^jt_{ij} − 3iε̄γ·vχ − iε̄^iγ^{ab}R̂_{ab}^j (Q)t_{ij} , δω_μ^{ab} = −2iε̄γ^{[a}R̂_μ^{b]}(Q) − iε̄γ_μR̂^{ab}(Q) +^{2i}_α ε̄ψ_μF̂^{ab}(A) − 2iε̄γ^{abcd}ψ_μv_{cd} − 4iε̄^iγ^{ab}ψ^j_μt_{ij}. (3.1) Here we have also written the transformation law of the spin connection, although it is a dependent field given by ω^{ab}_μ = ω^{0 ab}_μ + i(2ψ̄_μγ^{[a}ψ^{b]} + ψ̄^aγ_μψ^b) − 2e^{[a}_μ b^{b]} , ω^{0 ab}_μ ≡ −2e^{ν[a}∂_{[μ}e^{b]}_{ν]} + e^{ρ[a}e^{b]σ}e_μ^c∂_ρe_{σc} . (3.2) 3.2. Vector multiplet

The vector multiplet in 5D consists of the fields given in Table I, where the real scalar M comes from the fifth spatial component of a 6D vector, M ≡ −W_5 = −αW_z. Note that it carries a Weyl weight w = 1, since w(α) = 1 and w(W_μ) = 0. As in 6D, all the component fields are Lie-algebra valued, e.g., M is a matrix M^α_β = M^A(t_A)^α_β, where the t_A are (anti-hermitian) generators of the gauge group G. The Q transformation rules are found from 6D one to be δW_μ = −2iε̄γ_μΩ + 2iε̄ψ_μM , δM = 2iε̄Ω , δΩ^i = −^1_4 γ·Ĝ(W )ε^i −^1_2 γ^aε^iD̂_aM − Y^{ij}ε_j , δY^{ij} = 2iε̄^{(i} ^/DΩ^{j)} − iε̄^{(i}γ·vΩ^{j)} + 2iε̄^{(i}t^{j)}_kΩ^k + 4iε̄Ωt^{ij} − 2igε̄^{(i}[M, Ω^{j)}] , (3.3) where g is a gauge coupling constant and Ĝ_{ab}(W ) is the following combination of the supercovariant field strength F̂_{ab}(W ) of W_μ and that of the gravi-photon A_μ: Ĝ_{ab}(W ) ≡ F̂_{ab}(W ) −^1_α MF̂_{ab}(A), (3.4)

Off-shell d = 5 Supergravity 5

which is actually the field strength F̂_{ab}(W ) in 6D. 3.3. Linear multiplet

The linear multiplet consists of the components listed in Table I and may generally carry a non-Abelian charge of the gauge Group G.

The Q transformation rules are found to be δL^{ij} = 2iε̄^{(i}φ^{j)} , δφ^i = − ^/DL^{ij} ε_j − 4t^l_kL^k_lε^i − 6t^{(i}_kL^{j)k}ε_j + gML^{ij} ε_j +^1_2 γ^aε^iE_a +^1_2 ε^iN +^1_{2α} γ·F̂ (A)ε_j L^{ij} + 2γ·vε_j L^{ij} , δE_a = 2iε̄γ_{ab}D̂^bφ −^i_αε̄γ_{abc}φF̂^{bc}(A) +^i_αε̄γ^bφF̂_{ab}(A) − 2iε̄γ_{abc}φv^{bc} + 6iε̄γ^bφv_{ab} − 8iε̄^iγ_aφ^j t_{ij} + 2iε̄^iγ_{abc}R̂^{bcj} (Q)L_{ij} + 2igε̄γ_aMφ − 4igε̄^iγ_aΩ^jL_{ij} , δN = −2iε̄ ^/Dφ − 3iε̄γ·vφ − 2iε̄^iγ·R̂^j (Q)L_{ij} − 10iε̄^iφ^j t_{ij} + 4igε̄^iΩ^j L_{ij} . (3.5) The vector component E_a is subject to the following Q-invariant ‘divergenceless’ constraint: D̂^aE_a + iφ̄ γ·R̂(Q) + gMN + 4igΩ̄φ + 2gY^{ij} L_{ij} = 0. (3.6) When the linear multiplet carries no gauge-group charges (i.e., g = 0 in the above transformation law), this constraint can be solved and the constrained E^a can be expressed in terms of an unconstrained antisymmetric tensor-density gauge field E^{μν} , which possesses an additional gauge symmetry δE^{μν} = ∂_ρ(Λ^{μνρ}): E^a = −e^{−1}e^a_μD̂_ν E^{μν} , D̂_ν E^{μν} ≡ ∂_ν E^{μν} + 2ieψ̄_ν γ^{μν} φ + 2ieψ̄^i_ν γ^{μνρ}ψ^j_ρL_{ij}. (3.7) Because of the covariance of E^a, the Q transformation law of E^{μν} must take the following form, which is also in accordance with a direct calculation: δE^{μν} = −2ieε̄γ^{μν} φ − 4ieε̄^iγ^{μνρ}ψ^j_ρL_{ij}. (3.8) 3.4. hypermultiplet

The supersymmetry transformation law for the 5D hypermultiplet is given by δA^i_α = 2iε̄^iζ_α , δζ_α = − ^/DA^i_αε_i + F^i_αε_i + 3t_{ij} ε^iA^j_α + gM_α^βε^iA_{iβ} +^1_{4α} γ·F̂ (A)ε_iA^i_α + γ·vε_iA^i_α , δF^i_α = −2iε̄^i ( ^/Dζ_α − 1_{4α} γ·F̂ (A)ζ_α + 1_2 γ·vζ_α − 1_2 Ai_αγabR̂_{abi}(Q) + 2A^i_αχ_i − gM_α^βζ_β + 2gΩ^i_α^βA_{βi} ) . (3.9) The central charge transformation law is αδ_Z (θ)A^i_α = θF^i_α , αδ_Z (θ)ζ_α = −θ ( ^/Dζ_α −^1_{4α} γ·F̂ (A)ζ_α +^1_2 γ·vζ_α −^1_2 Ai_αγabR̂_{abi}(Q)

6 T. Kugo + 2A^i_αχ_i − gM_α^βζ_β + 2gΩ^i_α^βA_{βi} ) , αδ_Z (θ)F^i_α = θ ( (D̂^aD̂_a − C)A^i_α + 4iζ̄_αχ^i + 4igΩ̄^i_α^β ζ_β − 2gY^i_{jα}^βA^j_β − t^i_jt^j_kA^k_α

+ 2gt^i_jM_α^βA^j_β − g^2M_α^βM_β^γ A^i_γ − 2t^i_j F^j_α + 2gM_α^βF^i_β ) . (3.10)

One should note that the covariant derivatives D̂_a here as well as in (3.9) contain also the covariantization term −δ_Z (A_a) with respect to the central charge, so that these definitions of δ_Z (θ)ζ_α and δ_Z (θ)F^i_α by the second and third equations of (3.10) are recursive. However, they can easily be solved algebraically; for instance, the second equation gives δ_Z (θ)ζ_α = −θ α + /A α^2 − A^2 ( ^/D^′ζ_α − 1_{4α} γ·F̂ (A)ζ_α + 1_2 γ·vζ_α − 1_2 Ai_αγabR̂_{abi}(Q) + 2A^i_αχ_i − gM_α^βζ_β + 2gΩ^i_α^βA_{βi} ) , (3.11)

where D̂^′_a denotes a covariant derivative with the −δ_Z (A_a) term omitted.

3.5. V-L invariant action formula

The V-L action formula gives an invariant action for any pair of an Abelian vector multiplet V = (M, W_μ, Ω^i, Y^{ij}) and a linear multiplet L = (L^{ij} , φ^i, E_a (or E^{μν} ), N):

e^{−1}L_{VL} = Y^{ij} L_{ij} + 2iΩ̄φ + 2iψ̄^i_aγ^aΩ^jL_{ij} +^1_2 M(N − 2iψ̄_bγ^bφ − 2iψ̄^i_aγ^{ab}ψ^j_b L_{ij} ) −^1_2 W_a(E^a − 2iψ̄_bγ^{ba}φ + 2iψ̄^i_bγ^{abc}ψ^j_c L_{ij} ) . (3.12)

This formula is valid only when the liner multiplet L carries no gauge group charges or is charged only under the abelian group of this vector multiplet V . When the linear multiplet carries no charges, the constrained component E^a can be replaced by the unconstrained anti-symmetric tensor E^{μν} and the action formula (3.12) can be rewritten in a simpler form:

e^{−1}L_{VL} = Y^{ij} L_{ij} + 2iΩ̄φ + 2iψ̄^i_aγ^aΩ^jL_{ij} +^1_2 M(N − 2iψ̄_bγ^bφ − 2iψ̄^i_aγ^{ab}ψ^j_b L_{ij} ) +^1_4 e^{−1}F_{μν} (W )E^{μν} . (3.13)

§4. Vector multiplet action

Let V^I ≡ (M^I , W^I_μ , Ω^{I i}, Y^{I ij} ) (I = 1, 2, · · · , n) be vector multiplets of a gauge group G, which we assume to be given generally by a direct product of simple groups G_i and U(1) groups: G = ∏ i G_i × ∏ x U(1)_x, (G_i : simple). (4.1)

The structure constant f_{IJ}^K of G, [t_I , t_J ] = −f_{IJ}^K t_K , is nonvanishing only when all I, J and K belong to a common simple factor group G_i, and then it is the same as the structure constant of the simple group G_i. In addition to these V^I (I = 1, 2, · · · , n), we have a special vector multiplet, called ‘central charge vector multiplet’, which

Off-shell d = 5 Supergravity 7

consists of the dilaton α = e^z_5 and the gravi-photon A_μ = e^z_5e^5_μ among the Weyl multiplet:

V^{I=0} = (M^{I=0}, W^{I=0}_μ , Ω^{I=0 i}, Y^{I=0 ij}) ≡ (α, A_μ, 0, 0). (4.2)

We henceforth extend the group index I to run from 0 to n and use I = 0 to denote this central charge vector multiplet as already written here. Corresponding to this extension, the gauge group G should also be understood henceforth to include the central charge Z as one of the Abelian U(1)_x factor groups.

We can construct a linear multiplet L = (L^{ij} , φ^i, E_a, N), denoted by f(V ), from vector multiplets V^I using any homogeneous quadratic polynomial in M^I ,

f(M) =^1_2 f_{IJ} M^I M^J , (4.3)

where I, J run from 0. We can identify L^{ij} = −2ft^{ij} + f_I Y^{I ij} − if_{IJ}Ω̄^{Ii}Ω^{Jj} , φ^i = −4fχ^i + f_I ( ( ^/D −^1_2 γ·v)Ω^{Ii} + t^i_j Ω^{Ij} − g[M, Ω^i]^I ) − f_{IJ} ( (^1_4 γ·Ĝ(W )^I −^1_2 ^/DM^I )Ω^{Ji} + Y^{I i}_jΩ^{Jj} ) , E_a = D̂^b(4fv_{ab} + f_IĜ_{ab}(W )^I + if_{IJ}Ω̄^I γ_{ab}Ω^J ) − if_IΩ̄^I γ_{abc}R̂^{bc}(Q) +^1_8 ϵ_{abcde}f_{IJ}F̂^{bc}(W )^IF̂^{de}(W )^J − 2igf_I [Ω̄, γ_aΩ]^I − 2igf_{IJ} Ω̄^I γ_a[M, Ω]^J + gf_I [M, D̂_aM]^I , N = −4f(C + 4t^i_jt^j_i) − D̂^aD̂_af + f_I ( −2Ĝ_{ab}(W )^I v^{ab} +^1_{2α} Ĝ_{ab}(W )^IF̂^{ab}(A) + 4t^i_j Y^{I j}_i + iΩ̄^I γ^{ab}R̂_{ab}(Q) − 16iΩ̄^I χ + 2ig[Ω̄, Ω]^I ) + f_{IJ} ( −^1_4Ĝ(W )^I ·Ĝ(W )^J +^1_2D̂^aM^ID̂_aM^J − Y^{I i}_jY^{J j}_i + 2iΩ̄^I ^/DΩ^J +^i_{2α}Ω̄^I γ·F̂ (A)Ω^J − iΩ̄^I γ·vΩ^J + 2iΩ̄^{Ii}Ω^{Jj}t_{ij} ) , (4.4)

where the commutator [X, Y ]^I represents [X, Y ]^I t_I ≡ X^J X^K [t_J , t_K ], and f ≡ f(M), f_I ≡ ∂f ∂M^I , f_{IJ} ≡ ∂^2f ∂M^I ∂M^J . (4.5)

If f(M) is G-invariant, this linear multiplet f(V ) carries no group charge. Then, it must be possible to rewrite the embedded E^a component into the form (3.7) in terms of an antisymmetric tensor gauge field E^{μν} . Indeed, we find E^{μν} = −e(4fv^{μν} + f_IĜ^{μν} (W )^I + if_{IJ}Ω̄^I γ^{μν} Ω^J + ifψ̄_ργ^{μνρσ} ψ_σ − 2if_Iψ̄_λγ^{μνλ}Ω^I ) −^1_4 f_{IJ} ϵ^{μνλρσ}W^I_λ ( F^J_{ρσ}(W ) +^1_3 g[W_ρ, W_σ]^J ) . (4.6)

Now we use the V-L invariant action formula (3.13) to construct a general action for our set of vector multiplets {V^I }. Since it applies only to Abelian vector

8 T. Kugo

multiplet V , we first choose all the Abelian vector multiplets {V^A} from {V^I }, and, for each abelian index A we prepare a G-invariant quadratic polynomial f_A(M) to construct a neutral linear multiplet L_A = f_A(V ) using Eqs. (I 5·3) and (I 5·5). We apply the V-L action formula (3.13) to these pairs of V^A and L_A = f_A(V ) and sum over all the Abelian indices A. There we rewrite the super-covariantized quantities like Ĝ_{ab}(W ), D̂_aM^I , D̂_aΩ^I etc into the usual covariant ones with D_μ which is covariant only with respect to the homogeneous transformations, M_{ab}, U_{ij}, D and G. Then, interestingly, many cancellations occur and the resultant expression is no more complicated than that written with supercovariantized quantities. The result is given by Y^{Aij}L_{Aij} + 2iΩ̄^Aφ_A + 2iψ̄^i_aγ^aΩ^{Aj}L_{Aij} = f_A ( 2Y^A ·t − 4iψ̄·γtΩ^A − 8iΩ̄^Aχ )

+ f_{A,J} ( −Y^A ·Y^J + 2iΩ̄^A( /D −^1_2 γ·v + t)Ω^J + iΩ̄^Aγ^a(^1_2 γ·G + /DM)^J ψ_a − 2(Ω̄^Aγ^aγ^{bc}ψ_a)(ψ̄_bγ_cΩ^J ) + 2(Ω̄^Aγ^aγ^bψ_a)(ψ̄_bΩ^J ) )

+ f_{A,JK} −2iΩ̄^A(^1_4 γ·G −^1_2 /DM + Y )^J Ω^K − iΩ̄^J Y^AΩ^K + 2(Ω̄^Aγ^{ab}Ω^J )(ψ̄_aγ_bΩ^K ) + 2(Ω̄^Aγ^aΩ^J )(ψ̄_aΩ^K ) + 2(ψ̄^i ·γΩ^{Aj})(Ω̄^J_{(i}Ω^K_{j)} )

, (4.7)

1 2 M^A(N_A − 2iψ̄_bγ^bφ_A − 2iψ̄^i_aγ^{ab}ψ^j_b L_{Aij} ) +^1_4 e^{−1}F^A_{μν} (W )E^{μν}_A

=^1_2 f_{A,J} D^aM^A(D_aM^J − 2iψ̄_bγ^aγ^bΩ^J )

+^1_2 f_AM^A ( −4C − 16t·t −^1_{2α} F_{ab}(A)(4v^{ab} + iψ̄_cγ^{abcd}ψ_d) + 8iψ̄·γχ + 4iψ̄_aγ^{ab}tψ_b )

+^1_2 f_{A,J} M^A ( 4t·Y^J − 16iΩ̄^J χ − 8iψ̄·γtΩ^J + 2ig[Ω̄, Ω]^J −^1_2 G^{Jab}(W )(4v^{ab} + iψ̄_cγ^{abcd}ψ_d) )

+^1_2 f_{A,JK}M^A

−^1_4 G^J (W )·G^K (W ) +^1_2 D_aM^J D^aM^K − Y^J ·Y^K +2iΩ̄^J ( /D −^1_2 γ·v + t)Ω^K + iψ̄_a(γ·G − 2 /DM)^J γ^aΩ^K +(Ω̄^J γ^{ab}Ω^K )(ψ̄_aψ_b) − 2(ψ̄^i_aγ^{ab}ψ^j_b )(Ω̄^J_i Ω^K_j ) −4(ψ̄_aγ^{abc}Ω^K )(ψ̄_bγ_cΩ^K ) + 4(ψ̄_{[a}γ_{b]}Ω^J )(ψ̄^aγ^bΩ^K ) −2(ψ̄_aΩ^J )(ψ̄^aΩ^K ) −^1_4 G^A_{μν} (W ) ( f_A(4v^{μν} + iψ̄_ργ^{μνρσ} ψ_σ) + if_{A,JK}Ω̄^J γ^{μν} Ω^K + f_{A,J} (G^{Jμν} (W ) − 2iψ̄_λγ^{μν} γ^λΩ^J ) ) − e^{−1 1}_4 f_{A,JK}ϵ^{λμνρσ} W^A_λ F^J_{μν} (W )F^K_{ρσ}(W ) . (4.8)

The action is given by the sum of Eqs. (4.7) and (4.8), where the indices J and K run over the whole group G while the (external) index A of f_A(M) is restricted to run only over the Abelian subset of G. However, interestingly, this action can be shown to give an invariant action even if we extend the the index A of f_A(M) to I running over the whole group G. In that case, the function f_I (M) for the indices I belonging to the non-Abelian factor groups G_i of G should of course be a function

Off-shell d = 5 Supergravity 9

giving the adjoint representation of G_i to satisfy the G-invariance, and the Chern- Simons term should also be generalized to the corresponding one. (A similar situation is also observed to happen in 6D case.^{8)}) Then the product M^I f_I (M) becomes a general G-invariant homogeneous cubic polynomial in M, which, with changing the sign, is called ‘norm function’ and denoted as N (M) following Günayden, Sierra and Townsend:^{11)} N (M) ≡ c_{IJK} M^I M^J M^K (= −M^I f_I (M)), (4.9)

where the coefficient c_{IJK} is totally symmetric with respect to the indices. Now the resultant action is characterized solely by this cubic polynomial N (M) and we find vector multiplet action:

e^{−1}L_{VL} = +^1_2 N ( 4C + 16t·t +^1_{2α} F_{ab}(A)(4v^{ab} + iψ̄_cγ^{abcd}ψ_d) − 8iψ̄·γχ − 4iψ̄_aγ^{ab}tψ_b )

− N_I ( 2t·Y^I − 8iΩ̄^I χ − 4iψ̄·γtΩ^I + ig[Ω̄, Ω]^I − G^I_{ab}(W )(v^{ab} +^i_4 ψ̄_cγ^{abcd}ψ_d) )

−^1_2 N_{IJ}

−^1_4 G^I (W )·G^J (W ) +^1_2 D_aM^I D^aM^J − Y^I ·Y^J +2iΩ̄^I ( /D −^1_2 γ·v + t)Ω^J + iψ̄_a(γ·G(W ) − 2 /DM)^I γ^aΩ^J −2(Ω̄^I γ^aγ^{bc}ψ_a)(ψ̄_bγ_cΩ^J ) + 2(Ω̄^I γ^aγ^bψ_a)(ψ̄_bΩ^J ) − N_{IJK} ( −iΩ̄^I (^1_4 γ·G(W ) + Y )^J Ω^K +^2_3 (Ω̄^I γ^{ab}Ω^J )(ψ̄_aγ_bΩ^K ) +^2_3 (ψ̄^i ·γΩ^{Ij} )(Ω̄^J_{(i}Ω^K_{j)} ) )

+ e^{−1}L_C-_S , (4.10)

where N_I = ∂N /∂M^I , N_{IJ} = ∂^2N /∂M^I ∂M^J , etc, and L_C-_S is the Chern-Simons term:

L_C-_S = 1 8 c_{IJK} ϵ^{λμνρσ}W^I_λ ( F^J_{μν} (W )F^K_{ρσ}(W ) +^1_2 g[W_μ, W_ν ]^J F^K_{ρσ}(W )

+^1_{10} g^2[W_μ, W_ν ]^J [W_ρ, W_σ]^K ) . (4.11)

§5. Hypermultiplet Action

Now let H^α = (A^α_i , ζ^α, F^α_i ) (α = 1, 2, · · · , 2r) be a set of hypermultiplets which belongs to a representation ρ of the gauge group G. Under the G transformation it transforms as δ_G(θ)H^α = ∑_n I=1 gθ^I ρ(t_I )^α_βH^β . The ordinary matrix notation used for the vector multiplet in the preceding section was, for instance, M = M^I t_I and the matrix t_I denoted an adjoint representation ad(t_I ) of G. The representation ρ here can of course be different from the adjoint representation ad. However, to avoid cumbersome looking, we abuse the matrix notation and write, e.g., MA^α_i = M^α_βA^β_i to denote actually ρ(M)^α_βA^β_i = M^I ρ(t_I )^α_β A^β_i . (Note MA_{αi} = M_{αβ} A^β_i .)

The invariant action for the hypermultiplets can be obtained directly from the action in 6D. Again we rewrite the supercovariant derivative D̂_μ in terms of the usual covariant derivative D_μ which is covariant only with respect M_{ab}, U_{ij}, D and G. (Note that covariantization with respect to the central charge Z transformation

10 T. Kugo

is also taken out.) Then we obtain the following action for the kinetic term of the hypermultiplets:

e^{−1}L_{kin} = D^aA^ᾱ_i D_aA^i_α − 2iζ̄^ᾱ /Dζ_α +^i_{2α} ζ̄^ᾱγ·F (A)ζ_α − iζ̄^ᾱγ·vζ_α + 2igζ̄^ᾱM_α^β ζ_β + A^ᾱ_i (t + gM)^2A^i_α − 4iψ̄^i_aζ_αγ^bγ^aD^aA^ᾱ_i + 2iζ̄_αγ^{ab}R_{ab}^i(Q) − 8iζ̄_αχ^i +^i_αψ̄^i_aγ^{abc}ζ_αF̂_{bc}(A) − 4iψ̄^{ia}γ^bζ_αv_{ab} + 4iψ̄_{aj} γ^aζ_αt^{ij} −8igΩ̄^i_α^βζ_β + 4igψ̄^i_aγ^aM_α^βζ_β A^ᾱ_i − 2iψ̄^{(i}_a γ^{abc}ψ^{j)}_c A^ᾱ_j D_bA_{αi} + C +^1_4 R(M) +^i_2ψ̄_aγ^{abc}R_{bc}(Q) −2iψ̄_aγ^aχ +^1_{8α2} F̂ (A)^2 − v^2 + 2t·t −^i_{4α}ψ̄_aγ^{abcd}ψ_bF̂_{cd}(A) + iψ̄_aψ_bv^{ab} − iψ̄^i_aγ^{ab}ψ^j_b t_{ij} A^2 + 2gY^{ij}_{αβ} A^ᾱ_i A^β_j + 4igψ̄^{(i}_a γ^aΩ^{j)}_{αβ} A^ᾱ_i A^β_j

+ 2igψ̄^{(i}_a γ^{ab}ψ^{j)}_b A^ᾱ_i M_α^βA_{βj} + (1 − A^aA_a/α^2)F^ᾱ_i F^i_α + ψ̄_aγ_bψ_cζ̄^ᾱγ^{abc}ζ_α −^1_2 ψ̄^aγ^{bc}ψ_aζ̄^ᾱγ_{bc}ζ_α , (5.1)

where the contractions between pairs of a barred index ᾱ and α imply

A^ᾱ_i A_{αj} ≡ A^β_i d_β^αA_{αj}, A^2 ≡ A^ᾱ_i A^i_α, ζ̄^ᾱζ_α ≡ ζ̄^βd_β^αζ_α, (5.2)

by using a G-invariant metric d_α^β introduced in Eqs. (I B·22) and (I B·23). This metric d_α^β is, in its standard form, diagonal and takes the values ±1.^{12)} The hypermultiplets can have masses and the invariant action for the mass term is given by Eq. (I 4·14) which reads

e^{−1}L_{mass} = mη^{αβ} −A^aD_aA_{αi}A^i_β − (1 − A^aA_a/α^2)αF_{αi}A^i_β −2iψ̄^i_aζ_αA^aA_{βi} + αA_{iα}(t + gM)A^i_β +i(−αζ̄_αζ_β + A_aζ̄_αγ^aζ_β) +2iA_{αi}(−αψ̄^i_aγ^aζ_β + ψ̄^i_aγ^{ab}ζ_βA_b) +iA_{αi}A_{βj}(−αψ̄^i_aγ^{ab}ψ^j_b + ψ̄^i_aγ^{abc}ψ^j_c A_b) . (5.3)

(Note that m is a dimensionless parameter and the actual mass is ∝ m⟨α⟩.) Here η^{αβ} is a symmetric G-invariant tensor.^{12)} Interestingly, this mass term turns out to be automatically included in the previous kinetic term action (5.1) and need not be considered separately, provided that we complete the square for the terms containing the auxiliary fields F^α_i in L_{kin} +L_{mass}. (Essentially the same observation was already made in Ref. 12).) Doing so, the F^α_i terms become

(1 − A^aA_a/α^2)F̃^ᾱ_i F̃^i_α with F̃^α_i ≡ F^α_i +^1_2 mα(d^{−1})_γ^αη^{γβ}A_{βi} , (5.4)

and then, all the other terms in L_{mass} can be absorbed in the kinetic lagrangian L_{kin} if we extend the gauge index I of the generators t_I acting on the hypermultiplets to run also from 0 and introduce

(gt_{I=0})^{αβ} ≡^1_2 m(d^{−1})_γ^αη^{γβ}, (5.5)

Off-shell d = 5 Supergravity 11

so that gW_μ in D_μ and M are now understood to be gW_μ = n∑ I=1 W^I_μ (gt_I ) + A_μ(gt_0) , gM = n∑ I=1 M^I (gt_I ) + α(gt_0) . (5.6)

§6. Rewriting the action

Now the invariant action for our Yang-Mills-matter system coupled to supergravity is given by the sum L = L_{VL}[(4.10)] + L_{kin}[(5.1)], where in L_{kin} the F^2 term is replaced by (5.4) and Eq. (5.6) is understood.

In order to make the Einstein term canonical we take N (M) = 1. (6.1) as a gauge fixing condition for the D gauge.^{13)}

For the purpose mainly to solve the mixing between the Rarita-Schwinger field ψ^i_μ and the gaugino field component Ω_i ≡ N_I Ω^I_i , we define new Rarita-Schwinger, gaugino and hypermultiplet fermions by ψ^N_{μi} ≡ ψ_{μi} − 1 3N γ_μΩ_i , (6.2) λ^I_i ≡ Ω^I_i − M^I 3N Ω_i = P^I_J Ω^J_i , (6.3) ξ_α ≡ ζ_α − A^i_α N Ω_i . (6.4)

P^I_J is the projection operator P^I_J ≡ δ^I_J − M^I N_J 3N → P^I_J M^J = P^I_J N_I = 0 , (6.5)

so that this new gaugino fields λ^I_i satisfy N_I λ^I_i = 0 . (6.6) The new hypermultiplet fermion ξ_α is orthogonal to A^ᾱ_i on-shell:

A^ᾱ_i ξ_α = ζ_i −

A^2 2N Ω_i = (ζ_i + Ω_i) − 1 2N Ω_i(A^2 + 2N ) . (6.7)

We also redefine the auxiliary fields by

Ṽ^{ij}_a = V^{ij}_a + 1 2N ( 4iΩ̄^{(i}ψ^{j)}_a + 2i 3N Ω̄^iγ_aΩ^j ) , ṽ_{ab} = v_{ab} − 1 2α F_{ab}(A) + iψ̄_aψ_b + i 2 3N ψ̄_{[a}γ_{b]}Ω + i 9N^2 Ω̄γ_{ab}Ω, Ỹ^{Iij} = P^I_J Y^{Jij} − 2i 3N λ̄^{I(i}Ω^{j)} , t̃^{ij} = t^{ij} − N^I Y^{Iij} 3N + i 9N^2

Ω̄^{(i}Ω^{j)}, (6.8)

12 T. Kugo

We now rewrite the action by using the field redefinitions (6.2), (6.3), (6.4) and (6.8) everywhere. From here on, the Rarita-Schwinger field is always the new variable ψ^N_μ and we omit the cumbersome superscript N.

This is actually a very tedious computations. Surprisingly, however, all the terms containing Ω_i ≡ N^I Ω_{Ii} completely cancel out in the action. After all, the action is finally found to take the form

L = L_{hyper} + L_{vector} + L_C-_S + L_{aux} , e^{−1}L_{hyper} = ∇^aA^ᾱ_i ∇_aA^i_α − 2iξ̄^ᾱ( /∇ + gM)ξ_α + A^ᾱ_i (gM)^2_α^βA^i_β − 4iψ̄^i_aγ^bγ^aξ_α∇_bA^ᾱ_i − 2iψ̄^{(i}_a γ^{abc}ψ^{j)}_c A^ᾱ_j ∇_bA_{αi} + A^ᾱ_i ( 8igλ̄^i_{αβ} ξ^β − 4igψ̄^i_aγ^aM_{αβ} ξ^β + 4igψ̄^{(i}_a γ^aλ^{j)}_{αβ}A^β_j − 2igψ̄^{(i}_a γ^{ab}ψ^{j)}_b M_{αβ} A^β_j ) + ψ̄_aγ_bψ_cξ̄^ᾱγ^{abc}ξ_α −^1_2ψ̄^aγ^{bc}ψ_aξ̄^ᾱγ_{bc}ξ_α , e^{−1}L_{vector} = −^1_2 R(ω) − 2iψ̄_μγ^{μνρ}∇_ν ψ_ρ + (ψ̄_aψ_b)(ψ̄_cγ^{abcd}ψ_d + ψ̄^aψ^b) − N_I ( ig[λ̄, λ]^I −^i_4 ψ̄_cγ^{abcd}ψ_dF_{ab}(W )^I )

+ a_{IJ} −^1_4 F (W )^I ·F (W )^J +^1_2 ∇_aM^I ∇^aM^J +2iλ̄^I /∇λ^J + iψ̄_a(γ·F (W ) − 2 /∇M)^I γ^aλ^J −2(λ̄^I γ^aγ^{bc}ψ_a)(ψ̄_bγ_cλ^J ) + 2(λ̄^I γ^aγ^bψ_a)(ψ̄_bλ^J ) − N_{IJK} ( −iλ̄^{I 1}_4 γ·F (W )^J λ^K +^2_3 (λ̄^I γ^{ab}λ^J )(ψ̄_aγ_bλ^K ) +^2_3 (ψ̄^i ·γλ^{Ij} )(λ̄^J_{(i}λ^K_{j)} ) )

+^1_8 ( 2ψ̄_aψ_b + ξ̄^ᾱγ_{ab}ξ_α + a_{IJ}λ̄^I γ_{ab}λ^J

)_2

+ i^1_4 N_I F (W )^I ( 2ψ̄_aψ_b + ξ̄^ᾱγ_{ab}ξ_α + a_{IJ}λ̄^I γ_{ab}λ^J )

+ ( A^{ᾱi}∇_aA^j_α + ia_{IJ}λ̄^{Ii}γ_aλ^{Jj} )_2

−^1_4 (a^{IJ} − M^I M^J )Y^{ij}_I Y_{J ij} . (6.9)

L_{aux} is the perfect square terms of the auxiliary fields, which vanish on shell:

e^{−1}L_{aux} = C^{′′′}(A^2 + 2) − 8iχ̄^{′′i}A^ᾱ_i ξ_α + 2(ṽ − ṽ_{sol})^2 − (Ṽ − Ṽ_{sol})^{ij} (Ṽ − Ṽ_{sol})_{ij} − 3(t̃ − t̃_{sol})^{ij} (t̃ − t̃_{sol})_{ij} + a_{IJ} (Ỹ^I − Ỹ^I_{sol})^{ij} (Ỹ^J − Ỹ^J_{sol})_{ij} + ( 1 − A^2/α^2 ) (F^ᾱ_i − F^ᾱ_{sol i})(F^i_α − F^i_{sol α}) , (6.10)

X_{sol} are the solutions for the auxiliary fields:

Ṽ^{ij}_{sol a} = − 1 2N ( 2A^{ᾱ(i}∇_aA^{j)}_α − iN_{IJ}λ̄^{Ii}γ_aλ^{Jj} ) , ṽ_{sol ab} = − 1 4N { N_I F_{ab}(W )^I − i ( 6N ψ̄_aψ_b + ξ̄^ᾱγ_{ab}ξ_α −^1_2 N_{IJ}λ̄^I γ_{ab}λ^J )} ,

Off-shell d = 5 Supergravity 13

Ỹ^{Iij}_{sol} = −^1_2 a^{IJ} P^K_J Y^{ij}_K = −^1_2 P^I_J a^{JK} Y^{ij}_K = −

(_1 2 a^{IJ} −^1_3 M^I M^J ) Y^{ij}_J with Y^{ij}_I ≡ 2A^{(i}_α (gt_I )^{ᾱβ}A^{j)}_β + iN_{IJK}λ̄^{Ji}λ^{Kj},

t̃^{ij}_{sol} = − 1 6N M^I Y^{ij}_I = − 1 6N ( 2A^{(i}_α (gM)^{ᾱβ}A^{j)}_β + iN_{IJ}λ̄^{Ii}λ^{Jj} ) , (6.11)

where a^{IJ} is the inverse of the metric a_{IJ} of the vector multiplet kinetic terms:

a_{IJ} ≡ −^1_2

∂^2 ∂M^I ∂M^J ln N = − 1 2N ( N_{IJ} − N_I N_J N ) , a^{IJ} ≡ (a^{−1})^{IJ} , (6.12)

which enjoys the properties

a_{IJ} M^J = N_I /2N → a^{IJ} N_J /2N = M^I , a^{IJ} P^K_J = P^I_J a^{JK} . (6.13)

The Lagrange multiplier auxiliary fields C and χ have been redefined into

C^{′′} = C +^1_4 R(M) +^i_2 ψ̄_aγ^{abc}R_{bc}(Q) − 2iψ̄_aγ^aχ +^1_{8α2} F̂ (A)^2 − v^2 −^i_{4α}ψ̄_aγ^{abcd}ψ_bF̂_{cd}(A) + iψ̄_aψ_bv^{ab} − iψ̄^i_aγ^{ab}ψ^j_b t_{ij} +^9_4 b^2 +^5_2 t·t +^3_2 e^{−1}∇_μ(eb^μ) +^1_2 V^{ij}_a V^a_{ij} + iψ̄^i_bγ^{bac}ψ^j_c V_{a ij} + 1 2N^2 { −2iΩ̄ /∇Ω + ( ψ̄_aγ_bψ_c(Ω̄γ^{abc}Ω) −^1_2 ψ̄^aγ_{bc}ψ_a(Ω̄γ^{bc}Ω) )

− iΩ̄γ·(v −^1_{2α} F (A))Ω } + i N e^{−1}∇_μ(eψ̄_aγ^μγ^aΩ) , χ^{′′}_i = χ_i −^1_4 γ^{ab}R_{abi}(Q) +^1_{8α} γ^{abc}ψ_{ai}F̂_{bc}(A)

+^1_2 γ_bψ_{ai}v^{ab} +^1_2 tγ·ψ_i + γ^aγ^b(^1_2 V_b −^3_4 b_b)ψ_{ai} + 1 4N {( e^{−1}∇_μ(ee^μ_a ) γ^aΩ_i + 2 /∇Ω_i )

+ i ( γ^{abc}Ω_i(ψ̄_aγ_bψ_c) −^1_2 γ^{bc}Ω_i(ψ̄^aγ_{bc}ψ_a) ) + γ·(v −^1_{2α} F (A))Ω_i } . (6.14)

and the multiplier term C^{′′}(A^2 + 2N ) − 8iχ̄^{′′}(ζ + Ω) has been rewritten into the form of the first line in L_{aux} by using Eq. (6.7) and redefining further the C^{′′} field as C^{′′′} = C^{′′} − i 4 N χ̄^{′′}Ω . (6.15)

With this rewriting, the explicit Ω_i has been completely dispelled from the action. Note that the final action (6.9) with (6.10) is everywhere written in terms of the new variables although the superscript N was omitted. In particular, the spin connection ω^{ab}_μ in the covariant derivative ∇_μ and R(ω) is the new one given by Eq. (3.2) with the new ψ_μ used and b_μ set equal to 0. By using this ω^{ab}_μ , R(ω) is given as usual: R_{μν}^{ab}(ω) = 2∂_{[μ}ω_{ν]}^{ab} − 2ω_{[μ}^{[ac}ω_{ν]c}^{b]}, R_{ab}(ω) ≡ R_{ac}^c_b(ω) , R(ω) ≡ R_a^a(ω) . (6.16)

14 T. Kugo

§7. Final form of supersymmetry transformation

Now the supersymmetry (Q) transformation δ_Q(ε) is modified since we have fixed the D gauge by (6.1) and made various field redefinitions (6.2), (6.3) and (6.4). The proper Q-transformation is found to be the following linear combination of the original transformations of Q, dilatation D, local-Lorentz M and SU(2) U: δ^N_Q(ε) = δ_Q(ε) + δ_D(ρ(ε)) + δ_M (λ^{ab}(ε)) + δ_U (θ^{ij}(ε)), ρ(ε) ≡ −^{2i}_{3N} ε̄Ω, λ^{ab}(ε) ≡^{2i}_{3N} ε̄γ^{ab}Ω, θ^{ij}(ε) ≡ −^{2i}_N ε̄^{(i}Ω^{j)}. (7.1) The Q-transformation laws of the Weyl multiplet are given by δe_μ^a = −2iε̄γ^aψ_μ , δψ^i_μ = D_με^i + γ_μt̃^i_jε^j +^1_2 γ_{μab}ε^iṽ^{ab} +^{NI}_{12N} γ_μγ·F̂^I (W )ε^i +^{NIJ}_{3N} γ_μλ^{Ii}(2iλ̄^J ε) , δṼ^{ij}_μ = −4iε̄^{(i}γ_μχ̃^{j)} − iε̄^{(i}γ_{μab}R̂^{abj)}(Q) + 4iε̄^{(i}γ· ( ṽ +^{NI}_{4N} F̂^I (W ) ) ψ^{j)}_μ − 6i(ε̄ψ_μ)t̃^{ij} +^{4NIJ}_N ( (ψ̄_μλ^I )ε̄^{(i}λ^{j)J} − (ε̄λ^I )ψ̄^{(i}_μ λ^{j)J} ) , δt̃^{ij} = 4iε̄^{(i}χ̃^{j)} + iε̄^{(i}γ·R̂^{j)}(Q) +^{2iNIJ}_{3N} ( ε̄^{(i} ^/DM^I λ^{j)J} − (ε̄λ^I )Ỹ^{Jij} ) , δṽ_{ab} = −2iε̄γ_{ab}χ̃ −^i_2ε̄γ_{ab}γ·R̂(Q) +^i_4ε̄γ_{abcd}R̂^{cd}(Q) − iε̄R̂_{ab}(Q) , δχ̃^i =^1_2 ε^iC̃ −^1_2 ( ^/DΓ^′)ε^i −^1_4 γ·ṽ Γ^′ε^i +^1_4 γ·R̂(U)ε^i

+^1_2 γ^aΓ^′ ( γ_at̃ε^i +^1_2 γ_{abc}ε^iṽ^{bc} +^{NI}_{12N} γ_aγ·F̂^I (W )ε^i −^{NIJ}_{3N} γ_aλ^{Ii}(2iε̄λ^J ) ) , δC̃ = −2iε̄ ^/Dχ̃ +^1_2 iε̄{γ^{ab}, Γ^′}R̂_{ab}(Q) +^{2i}_3 ε̄Γ^′χ̃ +^i_3 ε̄γ·ṽχ̃ , δω_μ^{ab} = −2iε̄γ^{[a}R̂_μ^{b]}(Q) − iε̄γ_μR̂^{ab}(Q) − 2iε̄γ^{abcd}ψ_μ ( ṽ_{cd} +^{NI}_{6N} F̂^I_{ab}(W ) ) + 2iε̄ψ_μ^{NI}_{3N} F̂^I_{ab}(W ) − 4iε̄^iγ^{ab}ψ^j_μt̃_{ij} +^{4NIJ}_{3N} ( (ε̄λ^I )ψ̄_μγ^{ab}λ^J − (ε̄γ^{ab}λ^I )ψ̄_μλ^J ) , (7.2) where D_μ is the covariant derivative which is covariant only with respect to homogeneous transformations M_{ab}, U^{ij} and G. Γ is a field-dependent matrix acting on a spinor with an SU(2) index which is defined by

Γ ε^i ≡ (−γ·Ṽ + 3t̃)^i_j ε^j + γ·ṽε^i +^{NI}_{4N} γ·F̂^I (W )ε^i +^{NIJ}_N λ^{iI} (2iλ̄^J ε) , (7.3) and the prime on Γ implies that U-gauge field in Γ is removed: Γ ε^i = Γ^′ε^i −γ·Ṽ^i_j ε^j . We have redefined the auxiliary fields χ^{′′} and C^{′′′} so as to become covariant quantities: χ̃^i ≡ χ^{′′i} +^1_2 γ^aΓ ψ^i_a , C̃ ≡ C^{′′′} + 2iψ̄·γχ̃ − iψ̄_aγ^{ab}Γ ψ_b . (7.4) The supersymmetry transformation laws of the vector multiplet are δW^I_μ = −2iε̄γ_μλ^I + 2iε̄ψ_μM^I , δM^I = 2iε̄λ^I , δλ^I_i = P^I_J (−^1_4 γ·F̂^J (W )ε_i −^1_2 ^/DM^J ε_i + Ỹ^J_{ij} ε^j) − M^I N_{JK} 3N 2iε̄λ^J λ^K_i ,

Off-shell d = 5 Supergravity 15 δỸ^{Iij} = 2iε̄^{(i}P^I_J ^/Dλ^{Jj)} − iε̄^{(i}γ·ṽλ^{Ij)} − i^{NJ}_{6N} ε̄^{(i}γ·F̂^J (W )λ^{Ij)} + 2iε̄^{(i}t̃^{j)}_kλ^{Ik} + 4iε̄λ^It̃^{ij} − 2igε̄^{(i}[M, λ]^{Ij)} +^{4NJK}_{3N} ε̄λ^Jλ̄^{K(i}λ^{Ij)} −^{M I NJK}_{3N} 2iε̄λ^JỸ^{Kij}. (7.5) Finally, the hypermultiplet transformation laws are given by δA^i_α = 2iε̄^iξ_α , δξ_α = − ^/DA^i_αε_i + ε_igM_{αβ} A^{iβ} + Γ^′ε_iA^i_α + ( 1 + /A_α ) ε_iF̃^i_α , δF̃^i_α = −2iε̄^i ( 1 − /A_α )_{−1}( ^/Dξ_α + 2χ̃_j Aj_α + gM_{αβ} ξβ + 2gλ_{jαβ} Ajβ +^1_2 γ·ṽ ξ_α +^2_α λ^0_j F̃^j_α ) +^{2i}_α ε̄λ^0F̃^i_α . (7.6)

Here gM = M^I gt_I and gλ_i = λ^I_i gt_I includes the I = 0 part with gt_{I=0} defined in Eq. (5.5), and the G covariantization for I = 0 in D̂_μ is understood to be −A_μ(gt_0) instead of the original central charge transformation −δ_Z (A_μ).

Acknowledgements

I owe very much to my collaborator Keisuke Ohashi for this work. I would also like to thank André Lukas, Hiroaki Nakano, Paul Townsend, Antoine Van Proeyen, Bernard de Wit and Max Zucker for discussions and precious information. I also appreciate the Summer Institute 1999 held at Fuji-Yoshida, at which this work was motivated. T. K. is supported in part by the Grant-in-Aid for Scientific Research No. 10640261 from Japan Society for the Promotion of Science and the Grant-in- Aid for Scientific Research on Priority Areas No. 12047214 from the Ministry of Education, Science, Sports and Culture, Japan.

References

1) E. Cremmer, in Superspace and Supergravity, eds. S. Hawking and M. Roček, (Cambridge University Press, 1980).

A.H. Chamseddine and H. Nicolai, Phys. Lett. B96 (1980), 89. 2) R. D’Auria, P. Fre’, E. Maina and T. Regge, Ann. of Phys. 135 (1981), 237. 3) E. Witten, Nucl. Phys. B471 (1996), 135 [hep-th/9602070].

T. Banks and M. Dine, Nucl. Phys. B479 (1996), 173 [hep-th/9605136]. 4) A. Lukas, B. A. Ovrut, K.S. Stelle and D. Waldram, Phys. Rev. D59 (1999), 086001 [hep-th/9803235]; Nucl. Phys. B552 (1999), 246 [hep-th/9806051].

5) E.A. Mirabelli and M.E. Peskin, Phys. Rev. D58 (1998), 065002 [hep-th/9712214]. 6) M.Zucker, Nucl. Phys. B570 (2000), 267 [hep-th/9907082]; hep-th/9909144. 7) T. Kugo and K. Ohashi, Prog. Theor. Phys. 104 (2000), 835 [hep-ph/0006231]. 8) E. Bergshoeff, E. Sezgin and A. Van Proeyen, Nucl. Phys. B264 (1986), 653. 9) T. Kugo and K. Ohashi, Off Shell d = 5 Supergravity Coupled to Matter Yang-Mills System,

hep-ph/0010288.

10) E. Cremmer, B. Julia and J. Scherk, Phys. Lett. 76B (1978), 409.

E. Cremmer and B. Julia, Nucl. Phys. B159 (1979), 141.

11) M. Günaydin, G. Sierra and P.K. Townsend, Nucl. Phys. B242 (1984), 244; Nucl. Phys.

B253 (1985), 573.

12) B. de Wit, P.G. Lauwers and A. Van Proeyen, Nucl. Phys. B255 (1985), 569. 13) T. Kugo and S. Uehara, Nucl. Phys. B222 (1983), 125.