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2019 S-semester, Quantum Field Theory I (Hamaguchi), homework problems 2
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9% [a], [b] 4/9, 16, 23 5/14, 17:00
5/7, 14, 21, 28 6/18, 17:00
6/11, 18, 25 7/9, 17:00
7/2,9 7/30, 17:00
RE%E [c], [d] 5/14 — 7/30, 17:00.
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BRAE (1, B, 7, RA) &, VA= MTiMiiL, AROFMF 22X Taf) MLEELET,
(# of [a]) + (# of [b]) + (# of [c]) X 5+ (# of [d]) x 10 > 10.
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W& HE : hamaguchi@phys.s.u-tokyo.ac.jp

N

AN

given on deadline
Problems [a], [b] April 9, 16, 23 May 14, 17:00
May 7, 14, 21, 28 June 18, 17:00
June 11, 18, 25 July 9, 17:00
July 2, 9 July 30, 17:00
Problems [c], [d] May 14 July 30, 17:00.

Dates :

A

Submission:
Report Box at the Physics Academic Affairs Office (Faculty of science bldg. 1, room 208)

Write the reports in English or Japanese. Write the course name (QFT I), your name,

the problem number(s) and you student ID on the first page of your report.

There are many homework problems, but you do not have to work on all of them.

Grades (A=excellent, B=good, C=0K, F=Fail) are given based on these homework problems. You will
pass (A, B, or C) if

(# of [a]) + (# of [b]) + (# of [c]) x 5+ (# of [d]) x 10 > 10.

Basically reports are not returned. Keep a copy for yourself, if necessary.

Contact: hamaguchi@phys.s.u-tokyo.ac.jp




LR— MBI SADYETH. ETC2RETIVEEIDHY FHA.
SEXMPHNITERLR T B &, BARZEIHATIERL, BODEETEEHD I &,
There are many homework problems, but you do not have to work on all of them.

Write the references, if any. Summarize the report in your own words, not just extracting/excerpting

from references.

7 [a],[b] / Problems [a],[b]

e L R—HF1%2M, See homework problems 1.
http://www-hep.phys.s.u-tokyo.ac.jp/ hama/lectures/lecture_files/QFT_2019_reportl.pdf

=& [c] / Problems [c]

[c-1] @ TR —L Y HEE SU2)xSUQ2) 3L, £ D (1/2,0) RE® (0,1/2) KED 2 A AL/ Vbl
EoR Ure, Bl ZIE (0,1/2) RBUSH LT, 2 #iF D OEMEE 2 B IO boost 13Z 12 N KB4

¢ifs/2 o—n3/2
D(A) = ) D)= )

TRINTWz, T (0,1) REUIMTE D DG TRI NS0 EEZ L, £ 2 #fil0] D DEHLE 2 il 51D boost
IZXS B REUTHI 2 KD &,

[c-1] In the lecture, we have decomposed the Lorentz group to SU(2)xSU(2), and shown that its (1/2,0) and (0,1/2)
representations are given by 2-component spinors. For instance, for (0,1/2) representation, the rotation around
the z-axis and the boost in the z-directions are represented by the above two matrices, respectively. Then,
how many components does the (0, 1) representations have? Answer it. In addition, compute its representation

matrices for the rotation around the z-axis and the boost in the z-directions.
[c-2] EH Fermion 35D L BGH B E 7 D Lorentz Z#i% ko &,
[c-2] Compute the Lorentz transformations of the creation and annihilation operators for a free Fermionic field.
[c-3] BF NI T SRBEMD T OWTHIIE &, HERIRIE (q'|emt|q> PRBEESIC Lo THEERIND Z L &RE,

[c-3] Explain the Path Integral in Quantum Mechanics. Show that a scattering amplitude (¢’ |eiH tlg) can be written

in terms of a Path Integral.
[c-4] UTFDEIIZ2DDEANT o & xDORDEITIVITVEEZERD,

f

1 1 1 1
£ = 50,0010 — SM>G + 500" — 5m?x* — Sox’.

2
U fRIEQOFEHRTHY, HERT1 2R HEEEHTDH 5,
(i) HEFEHERS ¢r(x) & xr(z) ZEFE L. Heisenberg % ¢(z), x(z) & DiEWZHHE X,

(i) ¢(z) & ¢r(x) BLU Hy(t) = /d3xg¢1(t7x)xj(t7x)2 ERWTERYE, $Z20R%E f O 1IRETREME X,

(iii) BAR. 24K8GEL ¢p — xx F A 72\, £7 Heisenberg %50 4 sUHH BB <0\T(d)(x1)¢(x2)x(x3)x(x4)) |0)
% ¢r(x)s xr(z) BELOERLD Hi(t) ZHWTEYE,



[c-4]

(iv) (iii) OFERZMEAETH f CREATEZIL2ER 5, f O ORDEIFHRILIZHFEET, f O 1LIROEBRN,

3 4 4 3
fD2RDIEITI SADHBH, %@5%%&%L¢:%53“6@&i1>—<2 , 1>—<2 D2OD

connected diagram (ZHHY T 2HZITTH L, ZN6DHFLIZDWTLARD Feynman propagator % F\W T
ﬁﬁo

d4p ) —ip-(z— d4p i —ip-(x—
Drlz = yim) = / (2m)4 p?2 —m? e PO De(r -y M) = / (2m)4 p2 — M? e ey
(v) (iv) DFEHRIZ LSZ reduction formula % j#H U T 2 (KHEL dx — dx D S 1751 (x(p3)x(p4); out|d(p1)o(p2);in)
B & OBGEIRI M (9(p1)0(p2) — X(po)x(pa) ) & D &,
(vi) (v) OFEREH T, BOLRTOBELWTHER o(dp — xx) ZRD X,

Consider the following Lagrangian with two real scalar fields ¢ and ¥,

f

1 1 1 1
L= B} ,PO" P — §M2¢2 + QauXaMX —-m*x® — 5@(2»

2

where f is a real positive coupling constants with mass dimension one.

(i) Define the interaction picture fields ¢;(x) and x;(x), and explain the difference from the Heisenberg field
6(x) and x(x)

(ii) Express ¢(z) in terms of ¢r(x) and Hy(t) = /d3x£¢[(t,X)X]<t,X)2. And expand it in powers of f, up to
order f.

(iii) Let us consider the 2-body scattering ¢¢ — xx. First, express the four-point correlation function among
Heisenberg fields, <O|T(¢($1)¢(x2)x(x3)x(x4)> |0) in terms of ¢7(x), xr(x) and the above Hy(t).

(iv) Let us expand the result of (iii) in powers of f. The O(f°) term does not contribute, and the O(f!) term

vanishes. There are many O(f?) terms, but only those terms corresponding to the two connected diagrams,

3 4 4 3
> < , > < , contribute to the scattering. Express these contributions in terms of
1 2 1 2

the following Feynman propagators.

d*p i
(2m) p? — m? +ie

d*p i

e~ (=)
(2m)4 p% — M2 + ie

Dp(z —y;m) = / " Dp(w —y M) = /

(v) Apply the LSZ reduction formula to the result of (iv), and compute the S-matrix (x(ps3)x(p4); out|p(p1)P(p2);in)
and the scattering amplitude M ((b(pl)qb(pg) — X(pg)x(p4)).

(vi) Compute the scattering cross section o(¢p¢p — xx) in the center-of-mass frame, by using the result of (v).
[c-d] DT T T vIT VT ¢ DFERT (¢ — xx) & f DERAKIRTRD &, 72720 M >2m TH2 LT 5,

For the Lagrangian in [c-4], compute the decay rate of ¢, I'(¢p — xx), at the leading order in f. Here, we assume
that M > 2m.

(R—9—DERE) GAONIZTTTVIT UHbdDEOWNEBIZN LT (2P TEHEZRNT) RETHE LT 5,
ZorE, (1) 2A—&—=AL b j» PRtk T, (i) EBHBRADONT I, " =0 &2z, (i) +—X—Fv—
YV Q= [Pz BMEFT B (dQ/dt = 0) T & ZIRE,

(Noether’s theorem) Suppose that a given Lagrangian is invariant under a certain infinitesimal transformation
of fields (up to a total derivative). Show that, in such a case, (i) a Noether current j* can be constructed, (ii)

it satisfies 9,j* = 0 under the equation of motion, (iii), and the Noether charge @ = [ d3z;° is conserved

(dQ/dt = 0).



[oﬂ(ﬁ?)bbﬂ%ﬁ)%Xﬁﬁ—%®575VVTVL:%A@W¢f%m%lfikﬁé%iéo

(i) EH S = [d*zL PFZEE ¢(x) — ¢(2') = ¢(z + a) B LT Lorentz Z#i ¢(x) — ¢(a) = (A~ 1z) 1T L
TARETH D Z L &mt,

(i) (1) OMFREICHTE R —X—H LV P ROA—Z—F ¥y — V&ML, BOET HRERXZ2HNTFyr—YoD
RiFEERE L, (A—X—F ¥ —VREBMTUMEHZIET, TDOS5D—DFININV =T P'=H T
"D £9,)

(iii) B AL IRERE AW T, (i) TROZF ¥ —T & ¢(x) OLEEAR BIZIX [P, o(x)]) kKD X, (Z
NODF v —VHE PRI T 2EMDER L8> TWE I L 2HfERE L)

(iv) (ii) TRD7ZF ¥ — Y OO HERE KD, TNOHDBHETWS (Fyr—I 85 LOKHBBARDO LN F v —
VOMEAESGTEHEIT S L) 2R,

[c-7] (Poincaré symmetry) Consider a Lagrangian of a real scalar field, £ = % PO — %m2¢2 — i)\&.

(i) Show that the action S = [ d*zL is invariant under the space-time translation ¢(z) = ¢(2') = ¢(z + a) as

well as the Lorentz transformation ¢(z) — ¢(z') = ¢(A~1z).

(ii) Construct the Noether currents and the Noether charges corresponding to the symmetries in (i), and show
that the charges are conserved under the equation of motion. (There are 10 Noether charges. One of them
is the Hamiltonian P° = H.)

(iii) Compute the commutation relations between the charges obtained in (ii) and ¢(z) (for instance, [P%, ¢(x)]),
by using the equal-time commutation relation of the field. (Check that the charge operators are the

generators of the corresponding transformations.)

(iv) Compute the commutation relations among the charges obtained in (ii), and show that they are closed (the
right-hand sides of the commutation relations between the charges can be written as linear combinations

of the charges.)

[c-8] MILEE m 2¥f>7 NMMOEREAN T =G5 oi0d7 77097 v

N N N 2

L= Zau%a“d?f —WQZ |l = A <Z|¢z‘|2> EEAD,
1=1 1=1 =1

(1) T ORI SUN) AFMEZ > TnWd Z & & RY,

(i) (1) ORFFEICHT DR —X—HL Y P ROA—R—F ¥y —V2MHEE L, BOET FRAZ2HNTFr—YoD
A7 2 HERSE &

(iii) HOFKFZIZHEGRE FHWT, (1) TROZF ¥ =V L ¢(z) OZHEFABRERD &, (INS5DF ¥ —VHE T
PRRT BEMOER T2 R>T WD I L Z2HERT L,

(iv) (i) TRO7=F v — Y OB OLHEGRE KD, SUN) D Lie REE F ULHBERIZIR > TWD Z & ERE,

[c-8] Consider a Lagrangian with N complex scalar fields with the same mass m,
2
N N N
L= 0,0:0"¢; —m®> D |¢il* = A (Z |¢i|2> :
i=1 i=1 i=1
(i) Show that this model has an SU(N) symmetry.

(ii) Construct the Noether currents and the Noether charges corresponding to the symmetries in (i), and show

that the charges are conserved under the equation of motion.

(iii) Compute the commutation relations between the charges obtained in (ii) and ¢(z), by using the equal-time
commutation relation of the field. (Check that the charge operators are the generators of the corresponding

transformations.)



(iv) Compute the commutation relations among the charges obtained in (ii), and show that they are the same
as those in the SU(N) Lie algebra.

[c-9] BNILT 2T 07 v Dfle —2%1F, GOBNMEMEERL., 7770 I7 H (MnHZRWT) BY
MEHIZH U TAETH S Z L 2mt,

[c-9] Give an example of supersymmetric Lagrangian, define supersymmetric transformations of the fields, and show

that the Lagrangian is invariant under the supersymmetric transformations (up to a total derivative).

E&E [d] / Problems [d]

[d-1] BORTFIRICB T IRBEEDIICOVWT AN T —LOBEEZHIZHHL, #RCT-ZEHETE ARG
Wick OEZH W= A1) LRIUERNEONE Z L 2RYE,

[d-1] Explain the Path Integral in Quantum Field Theory in the case of scalar field, and show that it will lead to the
same result as the operator formalism used in the lecture (the formalism which uses the interaction picture field,
the Wick’s theorem, etc).

[d-2] Fermion ;M LSZ formula % &7,
[d-2] Derive the LSZ formula for Fermionic fields.

[d-3] HH Dirac 550777 v VTV L=¢(ivt0, —m)p B FEZ b, TDTFTITVIT UBHERTH S I LITHERL
T. Dirac 2*> Z &\ T, Dirac 2B LE L,
[d-3] Consider the Lagrangian of the free Dirac field, £ = 9 (iy*d,, — m)i. Quantize the Dirac field, paying attention

to the fact that it is a constrained system, and using the Dirac brackets.

[d-4] 7=V HDOE A ODVWTHHAE L, (HAETEATERBEATLATE (ZOWATE) BWTY, Abelian T
$ non-Abelian THEHWTT, )

[d-4] Explain the quantization of the gauge field. (It can be either in the operator formalism or in the path integral

formalism (or both). It can be either for Abelian or non-Abelian gauge theory.)
[d-5] (HFRFRE)

(i) [c-7] ZfRIT,
(ii) [T DIFTITUITVZBVWTHENED (m=0) THE2LHEEEZXD, ZDLE, fFH S = [dzL H
A — VA (dilatation) ¢(x) — ¢/ (z) = e“g(e®z) ITH U TEARETH S T L 2R, (o 1FEH)

(iii) (ii) ORFFEICHT IR =X —HL Y P ROA =R —F ¥ =V 2EHE L. Fv— Y ORFEERE X,
(iv) (ili) TRD7=F ¥ =V &, [c-7] TRD7ZF ¥ —Y L DO HRE KD K.

(v) G Zx . (T WVWERA, HUET R, [8/8EIE]) Ei|c-T|DFTIFVvITUiEm=00L
E. RT VA VREWEE AT — WVEBAZENETZ T TR S SIIRWHIMEZ D (LR, 1) S
MREDGDEWEFHEZ, 2) FHPALETH L Z 2 MR L. 3) 21— X =L v &R U T2 DORIF % MR
U, 4) FYy—YHHET L ¢(z) OXBBERZFHE L TEBMOER T IR oTWEZ L 2R L, 5) Fvy—
HE T ORHBBRAH LU TWD Z & &2RYE,

[d-5] (conformal symmetry)

(i) Solve [c-7].

ii) Consider the massless case (m = 0) for the Lagrangian. In this case, show that the action S = [ d*zL is
(i) grang ,

also invariant under the scale transformation (dilatation) ¢(z) — ¢'(z) = e*¢(e®x). (« is a real number.)



(iii) Construct the Noether current and the Noether charge corresponding to the symmetry in (i), and show

that the charge is conserved.
(iv) Compute the commutation relations between the charges obtained in (iii) and the charges obtained in [c-7].

- (Sorry, it’s closed. [corrected on August 8]) In fact,

the Lagrangian in [c-7] with m = 0 has not only the Poincaré symmetry and the dilatation invariance,
but a larger set of symmetries (conformal symmetry). 1) Write down the field transformations of the
conformal symmetry, 2) show that the action is invariant under those transformations, 3) construct the
Noether currents and check their conservation, 4) compute the commutation relations between the charge
operators and ¢(z), and check that they are the generators of the transformations, 5) and show that the

set of commutation relations among the charge operators is closed.
[d-6] BFDRKEHKE—AL b2 1 V—TTEHEEL, (QEDDT 74 VI —)VIFEEHE UL THWTRWY,)

[d-6] Compute the anomalous magnetic moment of the electron at the 1-loop level. (You can use the Feynman rules
of the QED.)
[d-7] (i) AEY g DRLTMHRZ MVAE ) VGTRI NS Z & &R, (2% Rarita-Schwinger %5 & .5, )
(ii) E&E m 2R BHEEHAP WSSO Rarita-Schwinger 5 O #EH) 2% Ko X,
(iii) (ii) DHHIZHF 5 Lagrangian 2 FHE, Tu 7 —X—% KD X,
[d-7] (i) Show that a spin-3/2 particle can be expressed by a vector-spinor field. (It is called Rarita-Schwinger field.)

(ii) Derive the equation of motion of a massive, non-interacting Rarita-Schwinger field.

(iii) Write down the Lagrangian for the field in (ii), and obtain the propagator.



