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2017 S-semester, Quantum Field Theory I (Hamaguchi), exam: Example Answers

[1-1] From the lecture note,
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Note that, due to the factor etiBr(=°=y") which depends on p though E, = \/p? + m?, one can not further use
[ dp ) = (2250 (x — y) here. ([0(x), dly)] T coslEy(a — 10)i (x — y).)

(Derivation 1) From the commutation relations of a and a',
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(Derivation 2) From the result obtained in the lecture (§1.4.8),

6(o) o) = [ @;sipw )

pOZEp

[\)

. 3p 4 ) )
o), o(y)] = == [o(x), ¢(y)] = / (if))?) Z (eﬂp.(xfy) + em(xfy))

p°=E,

[1-3] From [1-2],
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They follow EOM of free field, i.e., the Klein-Gordon eq. (O + M?)p = 0 and (O + m?)x = 0. The Heisenberg
fields are given by

with
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and does not follow the free field EOM.
(X*TH%E Hy XED7ZEDEH LKL ET 5, The x* term can be included in Hy.)

[2-2] GABREEEM I AV b 1 TAFEFHA, TITAS 0L ULTAZELHTEN, HDHWVIX Hi() & W HEMZTEL
R &ETUL7, / Note added after the exam: I am sorry, I should have taken A — 0 here, or included Ax* term
in H/(t).)

From the lecture note,
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Expanding it up to O(f),
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Note that

(i) ¢r(t',x) in H7(t') and ¢r(z) = @r(t,x) are not at equal time (¢’ # t) and therefore the equal-time commu-
tation relation cannot be used here. ([Hr(t'),¢r(z)] #0.)
(i) @(z) = etfltemtHolp (g)eitlote=iHt Hhyt eifte—iHot 75 e(H=Ho)t and therefore ¢(x) 75 e H—Ho)t ()= (H—Ho)t,
In general e85 £ e4eB for [A, B] # 0.
(iii) [y H(¢)dt' 7 Hi(t)t and therefore T(e? Jo H1()d Yo ()T (e~ Jy Hil)d'y = iHlrt o ()= iH1t and
7
S tHr(t), er@)dt’ 7 [Hi(t), pr()] ¢




(2-3]

From lecture note,

W0t [ereer et ten e (i tt mi)ar ) |10y

lim -
t—oo(l—1e
meetmio A0|T [exp <—i / H,(t’)dt/)h@)l
—t

(RYEZZD H & P HEZETIXTTIR, TAFHA,  The Hy here should have included the x* term as

well. T am sorry.)
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O(f) term is like [(Olprorxrxr - %‘PIXIXI|O>I and contains odd number of ¢;. From Wick’s theorem, this

vanishes.
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(—if)Q/d4y/d4zDF(x1 —y, M)Dp(xy — 2z, M)Dp(y — z,m)

X (DF(333 —y,m)Dp(x4 — z,m) + Dp(x4 — y,m)Dp(x3 — Z7m))

[2-5]

) )
+
1—p3)2—m?  (p1—ps)?—m

(X(p3)x(pa); outlp(p1)(pa); in) = (—if)* <(p 2) (2m)*6™ (py + p2 — ps — pa)

iM (<p(p1)</>(p2) — X(P3)X(P4)> = (—if)? ( i + : )

(pl —p3)2 —m? (p1 —]?4)2 —m?

[3]

Represented by 3-components field. Its representation matrices for the rotation around the z-axis and the boost
in the z-directions are given by
eiag 76773
D(A) = 1 , D(A) = 1
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(Derivation) For (A,B) = (0,1), (2A+1)(2B+ 1) = 1-3 = 3, and hence 3 components. In this case, from
the discussion in the lecture note, D(A3) = O3x3 and D(Bs) = diag(1,0,—1). (D(B3)®, = b®p, b = —1,0,1).
Thus, D(J3) = D(A3) + D(Bs) = diag(1,0,—1) and D(K3) = —iD(As) + iD(B3) = diag(i,0, —i). From this
and D(A) = exp(i0; D(J;) + in; D(K;)),
e rotation around the z-axis: D(A) = exp(ifl3 D(J3)) = exp(diag(ifs,0, —if3)) = (¥, 1,e7%),
e boost in the z-direction: D(A) = exp(insD(K3)) = exp(diag(—ns,0,—n3)) = (e~ ™, 1,e™).
0 v

You may use a different basis: D(Bl-)jk = —i€k = —i 1, 0 , , which does

not give the relation used in the lecture D(B3)®, = b®;, but satisfies the same SU(2 algebra D(B;),D
ZEijkD(Bk.). In this case, D(Jg) = (33) and D(Kg) = ZD(B3) lead to
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e rotation around the z-axis: D(A) = exp(i03D(J3)) = exp | —03 = | —sinf3 cosfs ,



e boost in the z-direction: D(A) = exp(insD(K3)) = exp | —ins
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(ii) For m3 # 0, n1 =n2 = 0 = 0,
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