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2017 S-semester, Quantum Field Theory I (Hamaguchi), End-term exam.
HE - MOBRERCATERETYT, BERRICANE FERS 2 ECE AEAMIXRHAE T,

You can look at the lecture note, textbooks, etc. Write your name and student id number on the answer sheet.

You do not need to submit calculation sheets.

EEPCEWV-HERILTEEHA L THWTERLWL,

You may use any results derived in class, without re-deriving them.

PR, o=0a%x) BX0p=p%p) 4R 7 b VEXRL, p-a=pt—p-x 2T 5,

0

In the following, x = (2°,x) and p = (p°, p) represent four-vectors, and p -  denotes p -z = p°t — p - x.

1] BEHAAZ —=5HIZDOWT ¢(x) IZDWT, Lagrangian ZENRD LS IZHEAZ 6N TWE LT 5,
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Consider a free real scalar field ¢(x), which has the above Lagrangian density.

[1-1] ¢(z) ZAMK - HWHEFE T a(p), af (p) 2 HWTERY,
Express ¢(x) in terms of the creation/annihilation operators a(p) and af(p).

[1-2] —fRIZEREZI TR WE & (20 £90) D ¢ & Z DM DLHBG [¢(x), d(y)] ZRD &, (BHEHNTE
LT&W,)
Compute the commutation relation between ¢ and its time derivative, [¢(x), ¢(y)], for not equal time (20 #

yY). (Use an integral to express your answer, if necessary.)

[1-3] [1-2] TRD7= [p(x), d(y)] Ta® = y° L LW, ¢ & ¢ DRMLILRIIGEE BT 2 L 2HrD &,

Take 2% = 4 in the [¢(z), ¢(y)] obtained in [1-2], and show that it reproduces the equal-time commutation
relation of ¢ and ¢>
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Consider the above Lagrangian with two real scalar fields ¢ and x. Here, f and A are real positive coupling

constants with mass dimensions one and zero, respectively.

[2-1] HEMEHERRS or(z) & x1(x) ZEFE U, Heisenberg &5 o(z), x(x) & DEWZFHE X,
Define the interaction picture fields ¢(x) and x;(z), and explain the difference from the Heisenberg field
o(z) and x(z).

2-2] $(2) % or(2) BED

1) = [ el it x?

ERHWTEY, 2088 % f O 1IkE CRRME X,
Express ¢(z) in terms of ¢;(z) and the above H;(t). And expand it in powers of f, up to order f.
GREgEMaAA YN TAEEA, TITA 0L LTAZBHTIN, HEW0IE Hi(t) 12 )W EHEMA
THLIRETUL, / Note added after the exam: T am sorry, I should have taken A — 0 here, or included
Ax? term in Hy(t).)
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[2-3] BAF. 2KEEL o — xx 2F X 72\, £ Heisenberg 350 4 fAHBE %K <O|T< (v )go(:cg)x(xg)x(u)) |0) %
er(@)y xr(z) BEO LR Hi(t) Z HWTERE,
Let us consider the 2-body scattering pp — xx. First, express the four-point correlation function among
Heisenberg fields, <0|T(go(xl)go(xg)x(azg)x(u)) |0) in terms of ¢y(x), xs(x) and the above H(t).
(AU, A= 0&920, Hi(t) I\ EHEMATEIARETU, / Similarly, I should have taken A — 0
here, or included Ax* term in H/(t).)
[2-4] [2-3] DFERE AT f CHRETIZ 25X 5, fO0ROEIFBIELIZHFS LRV,
Let us expand the result of [2-3] in powers of f. The O(fY) term does not contribute.
(a) fDLROEPLNT & &R,
Show that the O(f!) term vanishes.

3 4 4 3
w)f®2mwﬁdt<éhﬁéﬁ\%@5%%&K§§Té®ﬁl>>——<¥, ¥>——<:2@2o

@ connected diagram IZMYSTRHZIT TH B, ZNHDHFLIZDWTLLFD Feynman propagator %
WTHRY,

dp i ipe (e d*p i ipe (e
DF(x—y;m)=/(2ﬁ)4p27m2+i€e pe-y) DF(x_y;M):/(2ﬂ)4p27M2+iee p(z—y)

There are many (9( f?) terms, but only those terms corresponding to the two connected diagrams,

> < > < , contribute to the scattering. Express these contributions in terms

of above Feynman propagators.

[2-5] [2-4] DFERIZ LSZ reduction formula % 5@ H U T 2 (KHEL o — xx D ST751 (x(ps)x(pa); out|o(p1)p(pe2);in)
B & UBHAE M (0(p1)(p2) — x(ps)x(p1)) &R Ko

Apply the LSZ reduction formula to the result of [2-4], and compute the S-matrix (x(ps)x(p4); out|e(p1)e(p2);in

and the scattering amplitude M (go(pl)@(pg) — x(pg)x(p4)>.
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In the lecture, we have decomposed the Lorentz group to SU(2)xSU(2), and shown that its (1/2,0) and (0,1/2)
representations are given by 2-component spinors. For instance, for (0,1/2) representation, the rotation around the
z-axis and the boost in the z-directions are represented by the above two matrices, respectively. Then, how many
components does the (0, 1) representations have? Answer it. In addition, compute its representation matrices for

the rotation around the z-axis and the boost in the z-directions.

HFETIX. Dr(A) = exp(i0por/2 + muor/2), A, = exp(ibJ; + in; K;), 12/ LT D} R(M)oHDR(A) = Aty 0¥ &85
Te% O, < LICHUTRUZ, (S)H,, (K)*, DE#FITHER — b2 X)) DE(A)U”DR(A) = AH, 0" DMBUN
TRV O, np I UTHNLT 528 %, (1) 03£0,00=0,=mn,=0, (ii)) 30, m =12 =0 =0 DHFHIZOWV
T, (RBDBDHNIE—MD 0p, . DHBEIZOVWTHEEZTAL,)

In the lecture, we have shown that D%(A)U“DR(A) = At oY is satisfied for Oj,n, < 1, where Dg(A) =
exp(i0xor/2 + nior/2) and A*, = exp(i0;J; + in;K;). (For the definitions of (J;)*, (K;)*,, see the lecture
note.) Show that D}L%(A)U”DR(A) = AM,oV is satisfied for not infinitesimal 0y, nx, in the cases of (i) 63 # 0,
01 =03 =mnr =0and (ii) n3 # 0, 71 = n2 = O, = 0. (If you have time, consider also the case of generic ), and ny.)
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